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ON THE STRUCTURE OF THE SINGULAR SET FOR THE KINETIC 
FOKKER-PLANCK EQUATIONS IN DOMAINS WITH BOUNDARIES. 

HYUNG JU HWANG, JUHI JANG, AND JUAN J. L. VELAZQUEZ 


Abstract. We describe the structure of solutions of the kinetic Fokker-Planck equations 
in domains with boundaries near the singular set in one-space dimension. We study in 
particular the behaviour of the solutions of this equation for inelastic boundary conditions 
which are characterized by means of a coefficient r describing the amount of energy lost in 
the collisions of the particles with the boundaries of the domain. A peculiar feature of this 
problem is the onset of a critical exponent r c which follows from the analysis of McKean (cf. 
[45] J of the properties of the stochastic process associated to the Fokker-Planck equation 
under consideration. In this paper, we prove rigorously that the solutions of the considered 
problem are nonunique if r < r c and unique if r c < r < 1. In particular, this nonuniqueness 
explains the different behaviours found in the physics literature for numerical simulations of 
the stochastic differential equation associated to the Fokker-Planck equation. We review also 
the available results for the solutions of this equation with absorbing boundary conditions. 
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1. Introduction 


A general feature of several kinetic equations is the fact that their solutions in a domain 
H with boundaries cannot be infinitely differentiable at the points of the phase space (x, v) 
for which x £ dCl and v is tangent to dCl, even if the initial data are arbitrarily smooth. 
This set of points is usually denoted as singular set. This property of the solutions of kinetic 
equations was found by Guo in his study of the Vlasov-Poisson system (cf. [21]). 

In the case of the one-species Vlasov-Poisson system in 3-dimensional bounded domains 
with specular reflection boundary conditions, the convexity of the boundary plays a crucial 
role in determining the regularity of solutions (cf. [27], |28]). If the boundary of the domain 
is flat or convex, then one can show that a trajectory on the singular set is separated from 
regular one in the interior, so that classical solutions exist globally in time and are C 1 in 
phase space variables except on the singular set. 

However, if a domain is nonconvex, then even in the Vlasov equation without interactions 
between the particles and with inflow boundary condition, a classical C 1 solution fails to 
exist in general (cf. [20]). 

The lack of smoothness of solutions of the Vlasov-Poisson system is closely related to the 
fact that the flow describing the evolution of the characteristic curves is not a C 2 function 
at the singular set, something which has been observed in the dynamics of billiards, even if 
in this case there are not gravitational or electrical fields (cf. [12] , [51]). 

In the case of the Boltzmann equation near Maxwellian, under inflow, diffuse, specular 
reflection and bounce-back boundary conditions, it is shown in [23] that if a domain is strictly 
convex, then the solution is (weighted) C 1 away from the singular set. On the other hand, 
if there is a concave boundary point, one can construct an initial condition which induces a 
discontinuous solution in any given time interval (cf. [35]). 

A type of equation in which the regularizing effects can be expected to be stronger than 
those mentioned above among the kinetic equations are the Fokker-Planck equations. These 
equations contain second order operators in some of the variables (the velocities), but due to 
the specific form of the transport terms in the remaining variables (positions) the solutions 
of these equations are smooth in all their variables. This issue has been extensively studied 
in the mathematics literature (cf. for instance [25], [39] as well as additional references in 
Section 12 of Chapter [8]). On the other hand boundary value problems for the Fokker Planck 
equation have been considered in many physical situations, including diffusion controlled 
reactions and the dynamics of semiflexible polymers (cf. [3j, [4]) and in general in problems 
involving the dynamics of Brownian motion described by Uhlenbeck-Ornstein processes in 
the presence of boundaries (cf. for instance [38] . [42] , [43]). From a PDE point of view, the 
solutions are expected to be more regular due to the smoothing effect of the random force. 
This was clarified by Bouchut in the case of the 3-dimensional whole space problem for the 
Vlasov-Poisson-Fokker-Planck equations m- 

However, in the presence of the boundary, there had been not much improvement for a 
few decades. 

It is interesting to remark that the onset of singular behaviours at the singular set takes 
place even for kinetic equations associated to hypoelliptic operators. As indicated above, one 
of the best known hypoelliptic operators is the one associated to the kinetic Fokker-Planck 
equation, also known as Kolmogorov equation: 

(1.1) d t P + v ■ V X P = A V P , P = P (x,v,t) 

where t £ (0, T) C M and (x, v) £ U C x for some N > 1 and some domain 

U. It is well known that any solution of (1.1) is C°° ((0,T) x U) in spite of the fact that 
the second order operator d vv acts only in the variable v (cf. [25]). However, it turns out 
that in domains H with boundaries, singular sets in the sense of kinetic equations arise for 
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some classes of boundary conditions. More precisely, there are some classes of boundary 


conditions, which arise naturally from the physical interpretation of the equation ( 1 . 1 ) for 


which the hypoellipticity property can be extended to a large fraction of the boundary dU , 
but it fails along some subsets of dU. In those sets the solutions are just Holder continuous. 
One example of this situation is the following. Suppose that we restrict the analysis to the 
case N = 1 and that we solve (1.1) in the domain U = (0,1) x M . In these cases the singular 


set reduces either to the two points {(0,0), (1, 0)}. Suppose that we study this problem with 
the absorbing boundary condition: 

(1.2) P (0, v, t ) = 0, for v > 0, P (1, v, t) = 0, for v < 0, t > 0. 

The problem 0>, ( | 1 . 2 [ ) has been studied in m where it has been proved that the solutions 
are at most Holder continuous in a neighbourhood of the singular points {(0,0), (1,0)} . A 
more detailed discussion about the problem with absorbing boundary conditions will be given 


in Chapter 30 


The main results of this paper are obtained for a different type of boundary conditions. 
More precisely we will consider the following problem: 


(1.3) 


dtP + vd x P = d vv P , P = P (x,v,t), x > 0, v G 


t > 0 


with the following boundary condition: 

(1.4) P (0, — v,t) = r 2 P(0,rv,t) 


v > 0 , t > 0 


where 0 < r < oo. We are particularly interested in the case in which r < 1. Notice that the 


physical meaning of (1.4) is that the particles arriving to the wall {x = 0} with a velocity — v 


bounce back to the domain {x > 0} , with a new velocity v. Notice that in the case r = 1 the 
particles bounce elastically, but for r < 1 , the collisions are inelastic and the particles lose a 


fraction of their energy in the collisions. We will solve (1.3), (1.4) with the initial condition: 


(1.5) 


P{x,v, 0) = P 0 (x,v) 


where Pq is a probability measure in (x, v ) G M + x M. 

In this case the singular point is (x, v ) = (0,0). We are interested in the construction of 
measure valued solutions of the problem ( 0 - 0 ). It turns out that for some choices of r 
we might have f^ 0 0 ^j P (dxdv, t) > 0 for t > 0. Moreover, P (x, v, t ) is a C°° function for 
(x, v ) / ( 0 , 0 ), but it would be only possible to obtain uniform estimates in some suitable 
Holder norms if (x,v) is close to the singular point. Actually we will obtain information 
about the behaviour of the solutions near the singular point for the adjoint problem of (1.3), 


(1.4) which proves that the solutions of this problem are at most Holder continuous. 


It is possible to give the following physical motivation to the problem (1.3)-(1.5). Suppose 


that we have a particle X (t) which moves in the half-line {x > 0} . We will assume that, as 
long as X (t) > 0, the dynamics of the particle is similar to that of a Brownian particle, but 
that, every time that the particle reaches x = 0 , it bounces inelastically, that is, the absolute 
value of its velocity is multiplied by a restitution coefficient r, with 0 < r < 1. Formally we 
can state that the dynamics of the particle is given by the following set of equations: 


dX ( t ) 
dt 

*(c) = 


= v (t) , dV ^ = \ // 2r] (t) , if X (t) > 0 , 

0 , V (C) <0 =► X (t+) = 0 , V (t+) = -rV (C) 


( 1 . 6 ) 

(1.7) 

where rj (t) is the white noise stochastic process, which formally satisfies (77 (t)) = 0 , (7/ (t±) r] (£ 2 )) 
5 (t\ — £ 2 ), where (•) denotes average. It is not a priori obvious if the process defined by 


means of the equations (1.6), (1.7) can be given a precise meaning. However, standard ar¬ 


guments of the Theory of Stochastic Processes suggest that the probability of finding the 
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particle (X (t ), V (t)) in a region of the phase space (x, v) is given by the probability density 
P(x,v,t ). 


The first mathematical results for the problem (1.6), (1.7) were obtained by McKean (cf. 
). More precisely, [35] contains in particular the probability distribution of hitting times 


and hitting points, defined by means of the solutions of (1.6) with initial conditions X (0) = 


0, V (0) = b > 0. The hitting times are defined as ti = max{f > 0 : X (s) > 0 for 0 < s < t} 
and the hitting points are defined by means of fq = | K (ti)| . Notice that a rescaling argument 
allows us to reduce the computation of the joint distribution of (ti, f}i) for b > 0 to the case 
6 = 1. Suppose that we denote as {t n } the sequence of consecutive times where the solutions 
of (1.6), ( |1.7[ ) with initial values X (0) = Xq > 0, V (0) = Vo satisfy X (t n ) = 0. Then, the 
results in [35] imply that X (t n ) —> 0 as n — > oo, t n —> T < oo with probability one if r < r c , 
where 


( 1 . 8 ) 


r c = exp 


7r 

71 


On the contrary, the results in [35] imply that that for r > r c we have (X (t ), V (t)) 7 ^ 0 for 
any t > 0. Details about these results can be found in [33], [33j . 

The results indicated above suggest that the solutions of ( 1.3)-( [L5| ) should have a very 
different behaviour for r < r c and r > r c . Indeed, in the first case the equations (1.3)-(1.5) 


cannot be expected to define the evolution of P without some additional information about 
the behaviour of the solutions at the singular point (x, v) = (0, 0). On the contrary, the 


problem (1.3)-(1.5) should be able to define a unique dynamics for P if r > r c . The main 


goal of this paper is to show that we can have different evolutions for the problem (1.3)-( 1 .5) 
if r < r c . On the contrary, we will prove that for r > r c no additional information is required 
in order to define the unique evolution of the problem. 


The problem (1.6), (1.7) has been also considered in the physics literature m m m m 
[3810. The paper [13] arrives to conclusions analogous to those which follow from McKean’s 
results by means of the analysis of some particular solutions of the Fokker-Planck equation 
associated to (1.6), (1.7) as well as numerical simulations. The authors of m claimed that 
the solutions of (1.6), (1.7) undergo inelastic collapse for r < r c . More precisely, it was claimed 
that for r < r c the Brownian particle with inelastic collisions stops its motion in finite time 
with probability one, while for r > r c the Brownian particle with inelastic collisions has 
positive velocity for any time. 

However, some papers in the physics literature raised doubts about the results in [13]. It 
was claimed in on the basis of numerical simulations, that ’’inelastic collapse” for 

r < r c cannot be observed. 

There is a detailed discussion about these seemingly contradictory results in [ 8 ]. The 
conclusion of this paper was that for r < r c the particle (X (t) ,V (t)) solutions of (1.6), 


(1.7) arrive to (x,v) = (0,0) in finite time. However the particle (X (t) ,V (t)) does not stay 
there for later times. The main argument given in | 8 ] to support this conclusion is a detailed 
analysis of a stationary solution of the Fokker-Planck equation associated to the problem 
(1.6), (1.7). Such stationary solution exhibits a flux of particles from the point (x, v) = (0,0) 


to the region {x > 0} . This flow of particles would be balanced by the flux of particles arriving 
towards the origin as predicted in [45] by McKean. 

Suppose that we denote as P (x, v, t) the probability density which gives the probability 
of finding one particle solving ( |1.7[ ) in any region of the phase space (x, v). Inelastic 

collapse would imply that P (x,v,t) —> 6 (x) <5 (v) as t -» 00 . On the other hand, the steady 
solution described in | 8 j is different from 5 (x) 6 (v) and this suggests that the particles arriving 
to (x, v) = ( 0 , 0 ) do not necessarily remain there. 
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We will prove in this paper that if 0 < r < r c the solutions of (1.3)-(1.5) are nonunique. 
More precisely, it is possible to obtain different nonnegative solutions of this Fokker-Planck 
equation with a different asymptotic behaviour as (x, v ) —> (0,0). Actually, the solutions of 
(1.3)-(1.5) that we will construct in this paper will be measure-valued solutions and they will 
differ in the amount of mass that they contain at the point {(0,0)} , .i.e. f^ Q P (dxdv, t ). 

The intuitive explanation behind this nonuniqueness result is the following. If r < r c , the 
solutions of the problem (|1.6[), (1.7) reach the point (0,0) in a finite time with probability 


one. After reaching that point it is possible to give several dynamic laws for the evolution of 
the particle (X ( t ) ,V (t)). For instance, the particle could remain trapped at the origin, or 
it could continue their movement, or it could remain trapped at ( 0 , 0 ) during some time and 
then restart its motion again. The situation is essentially similar to the one of a Brownian 
particle moving in a half-line {x > 0 } which reaches x = 0 with probability one, and there, it 
can be either absorbed, or to be reflected and continue its motion back to the region {x > 0} . 
All these possibilities can be described in the case of this moving Brownian particle by means 
of different boundary conditions at x = 0 for the diffusion equation describing the probability 
density associated to that process. In the case of the Fokker-Planck equation (1.3)-{1.5) the 
different evolution laws assumed for (X (t) ,V (t)) after reaching the origin, will result in 
different boundary conditions for P (x, v, t ) as (x, v) —> (0, 0). 

The nonuniqueness of the stochastic process associated to (1.6), (1.7) has been consid¬ 
ered in the literature of stochastic processes. The paper [ ; 6 j describes the construction of 
a stochastic process which formally can be described by the stochastic differential equation 
dXt = Vtdt, dVt = dWt, where Wt is the Wiener process, and where we impose in addition 
that Vt = 0 if X t = 0, a.s. for t > 0. Moreover, the process constructed in [ 6 ] satisfies that the 
amount of time such that Xt = 0 has zero measure a.s. Notice that this stochastic process can 
be considered as a solution of (1.6), (1.7) with r = 0, except for the fact that the solution is 
not requested to remain in the half-plane {Xt > 0} . The surprising feature of the stochastic 
process obtained in { 6 ] is the fact that ’’killing” the process at the times when Xf reaches the 
line {Xt = 0} does not force the particle to stay at this line for later times. On the contrary, 
the particle is able to escape from the point (X t ,Vt) = (0,0) at later times. The results in 
( 6 ] indicate that the solutions of (1.6), (1.7) can be expected to be nonunique. 

On the other hand, the problem (1.6), (1.7) has been considered in [33], |34j . It has been 
shown in [33j that for r >r c there is a unique entrance law in the half plane {X > 0, V £ M} 


under the assumption that Xq = Vo = 0. On the other hand, if r < r c the bounces of the 
particle at the line {X = 0} accumulate at the origin in a finite time. However, it is proved 
hi ESJ that the particle does not remain necessarity at (X, V ) = (0,0) for later times, but 
on the contrary, it is possible to define a ’’resurrected” process after the particle reaches the 
origin. The measure of the times in which the solutions of this ’’resurrected ” process remain 
in the line {X = 0} is zero a.s. 

In this paper we will obtain several results for the problem (1.3)-(1.5) which can be viewed 
as the PDE reformulation of the previously described results. More precisely, we will define 
a suitable concept of measured valued solutions for (1.3)-(1.5) if r > r c - On the contrary 
it is possible to define different concepts of measured valued solutions P of (1.3)-(1.5) if 
r r . The key point is that for r 


r < 


< 


r c we must impose some boundary condition at 
the singular point (x,v) = (0,0) in order to determine the solution of (1.3)-(1.5). Different 
boundary conditions can be thought as to be associated to different physical meanings for the 
corresponding evolution of the stochastic particle whose probability distribution is given by 
P. The boundary conditions obtained in this paper will be denoted as trapping, nontrapping 
and partially trapping boundary conditions at the point (x, v) = ( 0 , 0 ) and they can be given 
respectively the meaning of a particle which after reaching the point (x, v) = ( 0 , 0 ) remains 
trapped there for later times, alternatively does not remain trapped at (x, v) = ( 0 , 0 ) and 
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continuous its motion in the half plane {x > 0} or remains trapped during some characteristic 
time and continues then its motion in the half-plane {x > 0} . We will not study in detail 
the case r = r c in this paper, because in that case some logarithmic terms appear in the 
asymptotics of the solutions near the singular point, something that makes the analysis 
rather cumbersome. 


The different solutions P obtained will be nonnegative, classical solutions of (1.3)-(1.5) for 
(x, v ) / (0, 0) satisfying f^ x v w , Q P (x, v, t ) dxdv < oo, but they differ in their asymptotics 
as (x, v ) — > (0,0). These different solutions will satisfy different definitions of distributional 


solutions of (1.3)-(1.5) which will characterize the dynamics of probability densities P (x, v, t ) 


for which either the Brownian particles arriving to (x, v ) = (0, 0) remain trapped there, 
or they continue their motion or they remain trapped during a characteristic time before 
resuming their motion in the region {(x, v) ^(0,0), x > 0} . A more precise formulation of 
the results is contained in the following Theorem. 

Theorem 1.1. We will denote as X the space of functions C°° (M + x R x (0, oo))nC ([0, oo) : .M+ (M + x M))n 
C (li + x R x (0, oo)^ . Suppose that 0 <r <r c . For any Radon measure Pq G M.+ (M + x M), such 
that Jg, +x jg, Pq < oo, there exist infinitely many different solutions of the problem ( 1.3)-(1.5 ). 


The solutions P = P(x,v,t) G X satisfy (1.3), (1-4) in classical sense and (1.5) in the sense 


of distributions. If r c < r < 1 there exists a unique weak solution of ( 1.3)-(1.5 ) with initial 
data Po- 

Remark 1.2. We will denote as A4+ (B) the set of Radon measures in a qiven Borel set 
B C M n , n > 1. 


Precise definitions of solutions of ( ]1.3[ )-( 1.5) as well as more detailed information about the 
solutions described in Theorem |1.1| will be given later (cf. Chapter |28[). Roughly speaking the 
solutions obtained for 0 < r < r c differ in the boundary condition imposed at the singular 
point (x,v) = (0,0). Intuitively, in the case of the solution satisfying f R+ R P(-,-,t) = 
Jffi+ xR Po we assume that the particles arriving to the origin continue instantaneously their 
motion. In all the other solutions, particles arriving to the singular point remain trapped 
there for all later times or during some characteristic time before resuming their motion in 
the region M + x M. The existence and uniqueness of solutions for r > r c will be also proved 
in this paper, although in this case we do not need any additional information about the 
solutions near the singular set. 

The main tool used in the proof of the results of this paper is the classical Hille-Yosida 
Theorem. Most of the technical difficulties in this paper arise from the fact that we need 
to prove that the operators involved in our problem satisfy the assumptions which allow to 
apply the Hille-Yosida Theorem. In particular, the application of this Theorem requires to 
prove the solvability of some problems of Partial Differential Equations which in particular 


encode information about the behaviour of the solutions of (1.3)-(1.5) near the singular set 


{(x,x) = (0,0)}. Due to the fact that we are interested in Measured Valued solutions of 
(fE3l)-pWl) it will be convenient to work instead with the solutions of some suitable adjoint 
problems of (1.3)-(1.5) which encode the different types of boundary conditions mentioned 
above if r < r c . In order to apply Hille-Yosida’s Theorem we need to prove the solvability 
of some elliptic problems. This will be made by means of a suitable generalization of the 
classical Perron’s method which is able to deal with the singular behaviour of the solutions 
near the singular point. It is well known that Perron’s method allows us to obtain the 
solution of some elliptic equations as the supremum of the subsolutions associated to such 
equations. However, the application of such ideas to this problem yields to several technical 
difficulties. The main ones are the following ones. Since the operator + vD x contains 
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only the first order derivative in x instead of the second order ones, it is possible to construct 
subsolutions for this problem which are discontinuous and have discontinuities along subsets 
of lines {x = xo} for xq E M. Moreover, such discontinuous subsolutions arise naturally 
applying Perron’s method to this class of equations. This fact will yield several technical 
difficulties which will be considered in Chapter 5. On the other hand the nonuniqueness 


of the solutions of (1.3)-(1.5) will be related to the different asymptotic behaviours of the 


solutions near the singular point. The application of Perron’s method to the problem under 
consideration will require to study the properties of suitably defined sub and supersolutions 
with different behaviours near the singular point. 


We will use repeatedly the asymptotic symbol ~ with the following meaning. Suppose 
that f\(x,v), f 2 (x,v) are two functions defined in some region V whose boundary con¬ 
tains the origin (x, v) = (0,0). We will say that / i(x,v) ~ f 2 (x,v) as (x,v) —> (0,0) if 


lim 


(*,tO-Ko,o) = 1 with (*> v ) G V - 


The plan of this paper is the following. In Chapter 2 we study a simple toy model, namely 
the random walks of particles in a one-dimensional half lattice. This yields a simple diffusion 
problem in the limit when the size of the lattice converges to zero for which it is easy to 
obtain the boundary conditions at the lower extreme of the lattice. The analysis of this 
simpler problem will make more clear the meaning of the boundary conditions imposed at 
the solutions of {1.3)-(1.5). Chapter 3 describes in heuristic form the different expected 


asymptotic behaviours of the solutions of (1.3), (1.4) near the singular point (x,v) = (0,0). 


These heuristic asymptotics are used to obtain, at the formal level, a set of adjoint problems 


to (1.3), (1.4) in Chapter 4. The onset of different adjoint problems is due to the possibility 
of having different asymptotics for the solutions of (1.3), (1.4) if r < r c . Chapter 4 contains 


also a summary of hypoellipticity properties for the operator D^ + vD x which are used in this 
paper. The well possedness of the adjoint problems, which have been precisely formulated 
in Chapter 4, is obtained in Chapter 5. This chapter is the most technical of the paper and 
it requires some detailed study of the asymptotics of the solutions of the adjoint problem 
near the singular point (x, v ) = (0,0). The results of Chapter 5 are used in Chapter 6 to 


give a precise definition of measured valued solutions for the problem (1.3)-(1.5). Chapter 7 


contains a study of the different types of stationary solutions of the problem (1.3), (1.4) in the 
strip {0 < x < 1, v E M} depending on the different definitions of solutions given in Chapter 
6. These stationary solutions are compared with the ones obtained in the physics literature 
E3). We will clarify in which sense they are distributional solutions of (|1.3|)-(|1.5|). 


(cf. m, 

In Chapter 8 we review the results which have been obtained for the problem (1.1) with the 


absorbing boundary conditions (1.2). Chapter 9 summarizes the results of this paper and it 
describes several open problems. 


2. A TOY PROBLEM: DIFFUSION IN HALF-LINE. 

In this section we discuss, using heuristic arguments, an elementary model which exhibits 
some similarities with the behaviour of the model (1.6), (1.7) in the case r <r c . The results 


described in this Section are well known, since they just correspond to classical diffusion of 
a particle which reaches the boundary of a half-line. However, the results of this Section 


will help to clarify the nonuniqueness of solutions for (1.3)-(1.5) found in this paper and the 


physical meaning of the different types of solutions obtained for this problem. 

Suppose that we consider the stochastic evolution of a particle in a lattice of points con¬ 
tained in the half-line {x > 0} . If the distance between the lattice points converges to zero, 
the probability density of finding the particle at one specific position can be approximated 
by means of the one-dimensional diffusion equation. However, different boundary conditions 
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must be assumed at x = 0 for this probability density depending on the type of dynamics 
prescribed for the particle which reach that point. 

More precisely, for each h > 0, we will denote as Ch the lattice: 


C-h = {x n = nh:n = 0,1, 2, 3,...} 

For each 4 = kh 2 : k = 0,1,2,..., we will denote as X (4) the position of one particle 
moving in the lattice Ch with the following stochastic dynamics. If X (tk) = nh, with n > 1 
we will assign the following probability laws for the position of the particle at the time 4+1 : 

(2 ' 1} i ' 

p (X (4+ 1 ) = (n + l)h\ X (4) = nh) = - , p (X (t k+1 ) = (n - 1) h \ X (t k ) = nh) = - 

On the other hand, we will define three different evolutions for the particle arriving to the 
point xo = 0. We will say that X (•) evolves with trapping boundary conditions at x = 0 if 
we assign the following probability: 

(2.2) p(X(4 +1 ) = 0| X(4) = 0) = l 

We will say that X (•) evolves with nontrapping boundary conditions at x = 0 if its 
evolution after reaching the point xq = 0 is given by: 


(2.3) p (X (4+i) = h | X (4) = 0) = A , p(X (4+i) = 0 | X (4) = 0) = 1 - A 

where A E (0,1] independent of h. Notice that trapping boundary conditions are recovered 
from (2.3) if A = 0 . 


Suppose that we write for short P n ( k) = p (X (4) = nh). Then (2.1), (2.3) imply: 
(2.4) P n (k + 1) = — (-Pn—l (k) + Pn+i (k)) , n > 2 


(2.5) P 1 (k + 1) = -P 2 (k) + AP 0 ( k) 


P 0 (k + 1) = -Pi (k) + (1 - A) P 0 (A:) 


The structure of these equations suggests that in ti m e sc ales whe re k is large (i.e. time 
scales t » h 2 ), the behaviour of the solutions of (2.3), (2.4) or (2.4), (2.5) should be given 
locally by steady states for all the values of n if A > 0. Indeed, in this case, particles can 
leave the point xq = 0, and a local equilibrium can be expected. The local equilibria satisfy: 


( 2 . 6 ) 

(2.7) 


Pn 

Pi 


~ 7, (Pn-1 + Pn+l) 


n> 2 


— ~P2 + A Po 


1 


Po = 2^1 + (! - x )Po 


A > 0 


The solutions of (2.6) have the form <p n = A + Bn , n > 1. Using (2.7) it then follows that 
(2.8) B = 0 

If we define the family of measures u k (x, t) = Yl n k Fn (k) S x =x n ^t=t k we would expect to 
have Uh —*■ U, where due to (2.4) it follows that: 


(2.9) 


d t U = -d xx U 


x > 0 , t > 0 


and where (2.8) yields the following boundary condition for U in the case of nontrapping 
boundary conditions: 

( 2 . 10 ) d x U(0,t) = 0 

Suppose now that A = 0. In this case, it does not make sense to assume that Po ( k ) is close 
to an equilibrium value, because any particle arriving to xq = 0 remains there for arbitrary 
times and therefore Pq (•) is increasing. Solving (2.6) we obtain tp n = A + Bn, n > 1 and 
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using the first equation in (2.6) it then follows that A = 0. Therefore, in the case of trapping 
boundary conditions we obtain that U solves (2.9) with the boundary condition: 

(2.11) U (0, t) = 0 

Notice that the solutions of (2.9), (2.11) do not preserve J^ 0 (x,t) dx. This seems 

contradictory with the fact that U (•, t ) is a probability density for all t > 0. However, the 
paradox is solved just taking into account that the mass lost from (0, oo) is transferred to 
the point x = 0. Therefore, the result to be expected in this case is: 


( 2 . 12 ) 


Uh (x, t) —^ U (x, t) + m (t) So , m(t) = l— U (x,t) 

J (0,oo) 


dx 


It is possible to obtain an intermediate limit choosing A in (2.5) depending on h. We will 
assume that: 

(2.13) A = y,h 

for some [i> 0, independent of h. The rationale behind this rescaling is the following. Since 
we are interested in obtaining U of order one in regions where x is of order one we can expect 
to have P n of order h for n > 1. On the other hand, we are interested in the case in which 
there is a m acro scopic fraction of mass at x = 0, whence Pq is of order one. The second 
equation of (2.5) yields then (Pq (k + 1) — Po (k)) = \P\ (k) — XPq ( k ). Given that the time 
scale between jumps is h 2 this suggests the approximation 


(2.14) 


[d t m (t)] h 2 = \Pi (k) - AP 0 (k) 


Plugging this into the first equation of (2.5) we would obtain 


whence 


Pi (k + 1) = ^P 2 {k) + ^Pi (k) - [d t m (f)] h 2 


Pi (k + 1) — Pi (k) = i (P 2 (k) - Pi (k)) - [d t m (t)] h 2 


Therefore, using that Pi, P 2 are of order h, the definition of Uh and the characteristic 
scales for the space and time jumps yield: 


(2.15) 


^ d x U (0, t) = d t m (t) 


This equa tion just provides the global mass conservation for the whole system. On th e 
other hand, (2.14) yields, if h 2 « A, that \P\ (. k ) ~ APo ( k ), whence using the scaling (2.13), 
as well as the fact that Pi is of order h and Po is like m (t): 

U(0,t) 


(2.16) 


m ( t ) = 


2 n 


This boundary condition describes the equilibrium between the mass at x = 0 and the 
density probability in the surroundings. It is possible to reformulate it as a condition involving 
only local properties of the function U. Differentiating (2.16) with respect to t and using (2.15) 
we obtain: 


(2.17) 


Ut (0, t) = fiUx (0, t) 


The problem (2.9), (2.17) describes the evolution of the probability density if A rescales as 
in (2.13) in the limit h —> 0. The probability density, including the amount of the mass at the 
origin is given by (2.12). Notice that taking formally the limit fi oo in (2.17) we recover 
the boundary condition (2.10). If we take /r = 0 in (2.17) and we assume that U (0,0) = 0, 
we recover the boundary condition (2.11). 
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The conclusion of these arguments is the following. If the underlying particle system de¬ 


scribed by the parabolic equation (2.9) yields a dynamics for which the the particles can 


arrive to a boundary point of the domain we need to complete the equation with a suit¬ 
able boundary condition. Different particle dynamics yield different boundary conditions. In 


particular, trapping boundary conditions yield (2.11) and nontrapping boundary conditions 


yield (2.10). Partially trapping boundary conditions, with an escape rate from x = 0 given 


by a coefficient A, rescaling as (2.13) yield the boundary condition (2.17). 


A way of describing the different types of boundary conditions in an unified way is the 
following. Suppose that we look for the following type of asymptotics for the solutions of 


U (x,t) ~ a (t) F (x) as x —> 0 


(2.18) 


for a smooth function a and a suitable F which behaves algebraically as x —> 0. Notice that 


the asymptotics (2.18) does not make any assumption about boundary conditions for (2.9) 


Plugging (2.18) into (2.9) we would obtain that d xx F = 0, whence we would have that, either 


F is proportional to 1 or to x. Then, the asymptotics of U near x = 0 can be expected to be 
given by: 


(2.19) 


U (x, t) ~ ao (t) ■ 1 + ai (t) ■ x + ... as x —> 0 


The classical theory of boundary value problems for parabolic equations can be interpreted 


as stating that the meaningful boundary conditions for the solutions of (2.9) are those impos¬ 


ing a relation between a o (t) and a± (t) . For instance, the homogeneous Dirichlet condition 
for (2.9) (cf. \2.11 )) is equivalent to imposing ao(t) = 0 in (2.19), while the homogeneous 
Neumann condition would mean ai (t) = 0. The boundary condition (2.17) would yield 
Itt = /rai. 

In the case of diffusion processes on the line, these results are well known. It is relevant 


to notice that the boundary conditions (2.10), (2.11), (2.17) can be thought as different 


asymptotics for U, near the boundary point under consideration. In the case of (1.3)-(1.5), 


different dynamical laws for the particles reaching the singular point (x, v) = (0,0) will result 
in different asymptotic formulas for P (x, v, t ) as (x, v) —» (0,0). There are, however, some 
technical difficulties arise due to the fact that the boundary conditions must be determined 
just at the point (x,v) = (0,0), although the problem is solved in the two-dimensional domain 
M + x M for t > 0. 


3. Heuristic description of the solutions of ( |1 .3 )-( 1 .5) near the singular 

POINT (x,v) = (0,0) . 

4. Asymptotics of the solutions of (|1.3[), (|1 .4) near the singular point. 


In this Section we compute formally the asymptotic behaviour of the solutions of (1.3), 
(1.4) as (x,v) —> (0,0). This computation will illustrate the difference between the cases 
r < r c and r > r c and it will provide a simple intuitive explanation of the nonuniqueness 
arising for r < r c . The insight gained in this Section will be useful later in order to define 
suitable concepts of weak solutions of (1.3 )-(|1.5[). 

Suppose that P (x,v,t) is a solution of (1.3), (1.4) with the following asymptotic behaviour 
as (x, v) —> (0, 0) : 

(4.1) P (x, v, t) ~ a (t) G (x, v) , as (x, v) —> (0, 0) 

where a is smooth and G (x, v) has suitable homogeneity properties to be determined. Plug¬ 


ging (4.1) into (1.3) we would obtain the leading order terms 

(4.2) [dta (t)] G (x, v) ~ a (t) [-vd x G (x, v) + d vv G (x, v)] 
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Notice that, due to the presence of the derivatives with respect to x and v we can expect 
the terms on the left-hand side of (4.2) to be small compared with the ones on the right as 
(x,v) -A (0,0). It is then natural to assume, using also (1.4), that G (x,v) satisfies: 

(4.3) vd x G (x, v) = d vv G (x, v) , x > 0, 

(4.4) G (0, v) = r 2 G (0, — rv) , v < 0. 

This equation has been already fo und i n the physics literature (cf. [SJ, [14]). 

The invariance of the equations (4.3), (4.4) under the rescaling x —> X 3 x, v 
to look for solutions of these equations with the self-similar form: 

„,3 


Xv suggests 


(4.5) 


G (x, v ) = ( 2 ) 


z = — - 


9x 


for some suitable 7 to be determined. Before we give the result on the existence of such G, 
we start with the following lemma. 


a (r) + - 


= 0 


Lemma 4.1. There exists a unique function a (r) : r E 

(4.6) (2 + 3a (r)) logr + log ^2 cos ^vr 
Let 

(4.7) r c = e 
The function r -A a (r) is increasing in r E M + 

2 

a(0 = -g , «(1) = 0 

and a (r) E (—|, — |) if r < r c and a (r) E (—|, g) if r > r c . Moreover, 


(— |, g) such that 


73 

We have 


lim air) = — 

j—>-0+ 6 


lim a(r) = - 

r —>00 6 


Proof. For any given r E M+, consider 

y r (x) = (2 + 3x) log r + log f 2 cos ^71 ^ ^ . 

Then, the functions y r (•) are smooth for x E (—|, g) and they satisfy y r (x) 
x -A — |, g. Notice that y r (—|) = 0 for all r. Then, the function a(r) = —4 satisfies (4.6), 
but not the rest of conditions imposed to a (r) in Lemma 4.1 In order to show that there 
exists another solution of ( |4.6[ ), we first show that the equation y r (x) = 0 has a unique 
solution x E (—|, g), x / — | for r 7 ^ r c . Note that 


—00 as 


dy r 

—— = 3 log r — 7 r tan 
dx 


TT 


1 

* + 3 


Hence ^ = 0 has a unique solution x rc := ^ arctan log r) — | and ^ > 0 for x < x rc and 
^ < 0 for x > x rc and thus y r (•) has the maximum value at x = x rc ■ Note that x. 


as r 


0 +; 


X r 


g as r 


00 ; x rc = — | when r = r c 


Let r < r c - Then x r 


5 

6 

< — |. Since 


y r {— 3 ) = 0, there exists a unique x r so that —| < x r < x rc < —| and y(x r ) = 0. Similarly, 
if r > r c , there exists a unique x r so that — | < x rc < x r < ^ and y(x r ) = 0. Now if r = r c , 
x rc = — | and hence the only solution of y r (•) = 0 is x r = — |. Let us define a(r) := x r - 
Then it is now easy to deduce that a{r ) satisfies all the properties in the Lemma. □ 


We are now ready to state the result on the existence of G of the form (4.5) satisfying 


(4.3), (4.4). 
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Proposition 4.2. For any r > 0, r r c , there are two linearly independent positive solutions 
of (4-3), (4-4) which take the form (4-5). They are analytic in the domain {(x, v) : x > 0, »6l 
and they have the form 


G 7 (x, v) = x 7 A 7 (£) , <f= - r with 7 G < — a (r) 

(9x) 5 


A 7 (0 = U ( -7, -C 3 >0 for 4 G 


(4.8) 

with 

(4.9) 

where we denote as U(a,b;z ) the classical Tricomi confluent hypergeometric functions (cf. 
[I]). Moreover, the asymptotic behaviour of A 7 ( 4 ), A^ ( 4 ) as |C| -> oo is given by: 


(4.10) 

(4.11) 


a 7 (C) 

a;(o 


f^ 7 |C| 37 , C^oo, 

\|C| 37 , C ->• -oo. 

f 37A' 7 |C| 37_1 , C^oo, 

\ 371C1 37_ 1 , C-^-oo. 

where 7 G (—|, g) and A 7 = 2cos (71 (7 + g)) . 

In order to prove Proposition |4.2| we will use the following Lemma: 
Lemma 4.3. For any —5/6 < 7 < 1/6, we define: 

(4.12) 


A 7 (C) = [/(- 7 4;-C 3 ), (=Ae 

6 (9x)3 


with U(a,b]z) as in Proposition 4-2. Then: 

(i) G 1 (x,v) := x 1 A,y(4) satisfies (4.3). 

(ii) A 7 (£) is analytic in 4 G C and A 7 (£) > 0 for any ( G 1 . 

(iii) The asymptotic behaviour of A 7 (£) for large |C| , C £ given by the formidas in 

•ihb • 

Proof. The proof of (i) is just an elementary computation. We will show (ii) and (iii) are 
valid. In order to study the properties of ^(z) for negative values of z we use that (cf. Q], 
13.1.3): 


b 0 Z. 


<-> g(-M - ^ u M + ( :% b) -^ M(l r ;° )r ~ ( :’-/> M) ) 

The function M(a,b,z) is analytic for all z € C. Combining ( |4.12 ) and (4.13) we obtain 
the following representation formula for A 7 (£): 


(4.14) 


A 7 (C) = - 


7T 


A/(-7,|,-C 3 ) +c _A/(i-7,|,-C 3 )' 


sin(o7r) V r(g -7)r(g) 


r(-7)r(f) 


Ce 


Formula ( 4. 14| ) provides a representation formula for A (4) in terms of the analytic functions 
M(— 7, —C 3 ), M(g — 7, —C 3 )- Therefore A 7 (£) is analytic in 4 G C. 

We can compute the asymptotics of A 7 (£) as 4 — 00 by using (4.12) and 13.5.2 in Jl] . 

Then we deduce that 

(4.15) A 7 (C) ~ ICI 37 as ( -> —00. 

On the other hand, the formula 13.5.1 in [T] yields the asymptotics: 


(4.16) 


M (a, b, z) 


T ( b ) e i7ra 
T (b - a) 


7T , , 3VT 

M -4- OO , -- < arg(^) < — 
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In particular, choosing z = re in we obtain: 


(4.17) 


M (a, b, —r) ~ 


r (b) 


oo. 


r (6 - a) 

We remark that 13.5.1 in |T] gives also the asymptotic formula: 

r (b)e- 


(4.18) 


M (a, b, z ) 


(*r 


37T 7r 

°C , — ■ < arg (z) < -- 


r (b-a) 

Notice that due to the analyticity of M (a, b, z ) in C the asymptotic behaviour of M (a, b, z) 
obtained along rectilinear paths approaching infinity and contained in {Re (z) < 0} must be 
the same independently on which formula (4.16) or (4.18) is used. In particular, it is easy to 


see that (4.17) follows from (4.18) choosing 

z = re m . 

Using (4.17) we obtain: 

(4.19) 

A7(—7,^-C 3 ) ~ 

r(i) 

(C ) 37 as C 00 

r(l + 7) 

(4.20) 

CAf(| - 7 , -c 3 ) ~ 

r(t) 

(C ) 37 as ( —> 00 

r(i + 7 ) 


Combining ( 4. 14| ) , ( 4. 19| ) , (4.20) we obtain: 

1 1 


a 7 (C) 


7r 


sin(| 7 r) 


+ 


(C) 37 , c 


oo 


r(i- 7 )r(§ + 7 ) r(- 7 )r(i + 7 )_ 

Using then that T (— x) T (1 + x) = — ( c f- 6.1.17 in [1]) as well as the trigonometric 


formula [ SI11 ( 7r (' )+ 3)) bm(7r y )] _ 2 cos ( n (j _|_ 1)) we obtain 
sini ) \ \ ' o / / 


(4.21) 


as ( 


oo 


i and 
1 > 0 


sin(|7r) 

a 7 (0~a' 7 |c| 37 

with iv 7 as in the statement of the Lemma. Notice that A 7 > 0 if —5/6 < 7 < 1/6. 

To finish the proof of Lemma 4.3, it only remains to prove that A 7 (£) > 0 for any ( E 
the considered range of values of 7 . To this end, notice that if 7 -A 0 we have A 7 (£) —s 
uniformly in compact sets of (. The functions A 7 (£) considered as functions of 7 , change in 
a continuous manner. On the other hand, the asymptotic behaviors (4.15), ( |4.21| ) imply that 
the functions A 7 (£) are positive for large values of |£| . If A 7 (-) has a zero at some ( = Co £ M 
and —5/6 < 7 < 1/6, then there should exist, by continuity, —5/6 < 7 * < 1/6 and C* £ M 
such that A 7 „(£*, 7 *) = ^A 7 i ((/*, 7 *) = 0. The uniqueness theorem for ODEs then implies 
that A 7 t (-, 7 *) = 0 , but this would contradict the asymptotics (4.15), (4.21), whence the 
result follows. □ 


Proof of Proposition ■ Assume G takes the form (4.5). Then 4> satisfies the following 
ODE: 


+ (- -£)4g + 7$ = 0. 


(4.22) z$ zz 
It is also convenient to define the following auxiliary variable 

(4.23) C = 

(9x)5 

so that z = — ( 3 . Then A 7 (£) = 4 >(—( 3 ) satisfies the following ODE 

(4.24) A"(C) + 3C 2 A;(C)-97CA(C) = 0. 

For each 7 , two independent solutions to (4.22) are given by the Kummer function M(— 7 , z) 
and Tricomi confluent hypergeometric function C/(— 7 , |;z), (cf. [lj). In order to obtain a 
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solution of (4.22) which behaves algebraically asz-> Too, we recall the asymptotic behavior 
of M(a,b;z ) (see 13.1.4 and 13.1.5 in [T] ): 

(4.25) 


M(a,b]z) ~ ^}J ) \ e z z a b for z -A oo, 


M(a, b ; z ) 


r(a) 

m 

r (b-a) 


(—2) a for z -A —00. 


On the other hand, U(— 7 , 2 ;) behaves algebraically as z —>• 00 (see 13.5.2 in [1]). Therefore, 

in order to get the solutions satisfying the boundary condition ( |4.4| ), <f> (z) should be propor¬ 
tional to the Tricomi confluent hypergeometric function U(— 7 , z). Due to the linearity of 
the problem we can assume that the proportionality constant is one. 

We now compute the behavior of Gy(x,v) = x 7 A 7 (()) near the boundary. For v < 0 and 
x —> 0 +, since ( -> — 00 , 


Gy(x,v) = x 7 A 7 (C) ~ x 7 


(9x) 


37 


) j 87 


9 7 ’ 


v < 0 and x —> 0 H 


and for v > 0 and x —> 0 + , since ( -A 00, 
Gy(x,V) = X 7 A 7 (C) ~ X^Ky 


(9x) 


37 


= K~, 


;| 37 


9 7 


v > 0 and x -A 0 7 


The boundary condition (4.4) implies that -^j^- = r 2 A " 7 7 whence r 2_l " 37 /\ 7 = 1. Therefore 


7 9T 1 


7 must satisfy the following 
(4.26) r 2 + 3 7.2 COS ^7T ^7 + ^ ^ 


= 1 . 


Notice that 7 = —| always fulfills the condition (4.26) for all values of r > 0 and therefore 

G_ 2 (x,v) is a solution of (4.3), (4.4) for all r > 0. The other value of 7 satisfying (4.26) is 

given by a(r) from Lemma 4.1 since taking the logarithm of (4.26) yields (4.6). Therefore, 

Gy (x, v ) = x 7 A 7 (£),£ = —with 7 e { — I, a (r)} are two linearly independent positive 

(9a:) 3 

solutions of ( |4.3| ), (4.4) for r > 0 and r/r c . □ 

Remark 4.4. We note that both functions Gy(x,v), 76 { —|,a (r)} are integrable near the 
origin, i.e. fr 0<x< 1 |„|<i} G 7 ( x > v ) dxdv < 00 . To this end we use the estimate Gy (x, v ) < Cx 7 

if |n| < x 1//3 and Gy(x,v) < C|n | 37 if |u| > x 1 / 3 . Then, using the fact that 7 > —6/5 we 
obtain: 


'{0<ac<l,|-Li|<l} 


Gy (x, v ) dxdv <C 

•'{ 

pi pi 

< Cj x^dx + CJ \v\ w dv<C 


x^dxdv + C / \v\ 3ry dxdv 

|0<a:<l,|?)|<a: 1 / 3 ]' J {0<a:<|i:| 3 ,|i;|<l} 


Remark 4.5. We will denote from now on a (r) as a unless the dependence on r plays a 
role in the argument. 


Remark 4.6. The asymptotics (f.10) is valid for arbitrary values of 7 , although Ky is not 
necessarily positive if 7 is not contained in the interval (—|, |) . We will occasionally use the 
asymptotics ( 4 . 10 ) with 7 = — |. 
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We next evaluate the particle fluxes towards the origin associated to G 7 obtained in Propo¬ 
sition |4.2| which will be importantly used to characterize the boundary conditions at the 
singular point. We start with G_ 2 (x,v). 

We define a family of domains which will be repeatedly used in the following arguments. 
Definition 4.7. For any given r > 0 and any b > 0, we define: 

(4.27) TZs,b = |(x, u) : 0 < xs < —5<v< rd j 

We will denote as 77yi the domain TZs- 


Proposition 4.8. Let r > 0 be given and 1Zs,b as in (4-27) for some b > 0. Then 
(4.28) 


—vG_ 2 n x + d v G_ 2 _n v 

3 3 


ds = 93 


7r 


log (r) + —= 

tdn 5 , b r{x>o} L 3 3 j [ Vo 

where n = ( n x ,n v ) is the unit normal vector to dlZs^b pointing towards TZs,b- 


We will use the following result in the proof of Proposition 4.8 


Lemma 4.9. A{(f) = A_ 2 (£) satisfies the following ODE 

(4.29) A' (C) + 3C 2 A (C) = 3 

and moreover, A(() is given by A(£) = 3 jf exp (—C 3 + s 3 ) ds. 


Proof. Recall the equation for A (4.24) when 7 = —2/3: 

A" + 3C 2 A' + 6 CA = 0. 

This equation is equivalent to (A' + 3C 2 A) ; = 0 whence A' (£) + 3() 2 A (£) = A' (0). Solving 
this equation we obtain: 


(4.30) 


A (C) = C exp (-C 3 ) + A' ( 0 ) / exp (-C 3 + s 3 ) ds 


for some constant CsM. The function A(£) in (4.30) increases exponentially as f —>• —00 if 


C 0. It then follows from (4.10) that (7 = 0, whence: 

fC 


A (C) = A' (0) f exp (— C 3 + s 3 ) ds 

J — OO 


Then, the asymptotics of A (</) as ( —> —00 is given by 

a / A' (0) 

A(C) ~ as C -4 -00 


whence (4.10) yields A' (0) = 3 and the result follows. 
We will use also the following result. 


□ 


Lemma 4.10. Suppose that A(£) is as in Lemma 4-9. Then: 

r M 


lim 

M —>00 


/ ivi 

CA(C) 

-M 




(4.31) 
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Proof. Using the representation formula for A ((j obtained in Lemma 4.9 we obtain: 

rM rM / K \ 

lim / C A (C) <K = 3 lim / (/ exp (—C 3 + s 3 ) ds ) fdC, 

M—too M->oo 7—M —oo ) 

Using the changes of variables X = £ 3 , Z = —s 3 + £ 3 we obtain: 


j /■oc 

= - lim 

3 M—>oo 


j; 


rM 3 


exp (— Z) dZ 


dX 


1 


l-M 3 13(1-2)3 


where it is understood in the following that the function 1 A la is defined for IgR and 
it takes negative values for X < 0. In particular (—X ) 3 = —A " 3 for X £ M. 

Replacing now the integration in X by integration in t = we arrive at: 

1 ( Z\ 1 f°° 

(4.32) £ = - lim / exp (-Z) ip( — )dZ = - lim / M exp ( -MZ) ip (Z) dZ 

O M—yoo J q y Ivl J o M —^oo J q 


with: 

(4.33) 


<P(Z) = 


'z dt 


1 


Ul 1 3 (f_ 1)3 


No tice t hat if the limit (p (0 + ) = lim^_ > .o+ ip (Z) exists, with ip as in (4.33), it would follow 

from (4.32) that £ = y ^ We then compute <p (0 + ) as follows. We first split the integral in 
U- n i A 

(4.33) as p (Z) = f_ j_ [■■•] + f Q [■ • •] + fi [•••]. Using then the change of variables t = — s +1 
in the first integral and relabelling s as t we obtain: 


p(Z) = - 


" f .+1 


dt 


(t~ l)® (*)® 


f 1 dt 1 

/ -7T + 

'0 fa (f _ 1)3 


'z dt 


1 


'l ^ 3 (7—1) 3 


(4.34) 


f 1 dt 1 

/ “l 2“ 

'0 1 3 (t - 1)3 


’^ + 1 


dt 


1 


+ 


(*-!)*(*)* 

1 1 


+ 


i [ t3 (t-1) 3 (t-1) 3 (t) 3 


dt 


The hrst integral on the right-hand side of ( |4.34 ) can be computed using Beta functions. 
The second one can be estimated by — log(l — Z) and therefore it converges to zero as 
Z —> 0 + . The third integral on the right-hand side of (4.34) converges to an integral in (1, oo) 
as Z —>■ 0 + . Then, using that B (|, = 7we obtain: 

11 1 


^( 0 + ) = \'^ 1T + ^ 


_ts (t- 1)3 (t - l ) 3 (t ) 3 _ 


dt 


The integral on the right can be transformed to a more convenient form using the change 


of variables t = Then: 

X 


(4.35) 


. , 2\/3t 

<p(o + ) = -V- + 
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where I = f ( 


1 dx 
0 x 


1 


(1—x)3 (1— x)3 


"1 


I = lim 

e—s> 0 + . 


lim 

e-s>0+ 


0 


dx 

r l—£ 


. We can compute I writing: 

1 


_(1-X)3 (1-X)3_ 




= lim ( r(£) (_Ui)_£©- 

AoT |E) r(p £ ) r(l + £ ) 


' r '(D r '(l) 


r (I) r (i) J 


lim (eT (e)) 


Using then 6.1.3 and 6.3.7 in [T] , we obtain I = Plugging this into (4.35) we obtain 
<y?(0 + ) = \Z3tt. It then follows from (4.32) that l = ^ and therefore, the Lemma follows. □ 


The previous Lemmas allow now to prove Proposition 4.8 
Proof of Proposition \4-8\ We write 


Q(S,b) = 


' &R,s,b^{ x >Q} 


—vG_ 2n x + d v G_2n v 


ds. 


The homogeneity of G_ 2 and the definition of the domains TZs,b implies that Q (6, b ) = 


Q (1, b). On the other hand, Gauss Theorem and the differential equation (4.3) yield that 
Q (1, b ) is independent of b. Therefore, we just need to show that 


(4.36) 


lim Q(l,b) = 93 

b— > 0 + 


7 r 


l0g ^ + 


Notice that the normal vector to dTZ\fi is given by n = (—1,0) if x = b, — 1 < v < r; 
n = (0, —1) if v = r, 0 < x < 6 , n = (0,1) if v = —1, 0 < x < b. Therefore, 

(4.37) 


Q(l,6) 

rb 


ro ro nr 

= — d v G _2 (x, r) dx + / d v G _2 (x, — 1) dx + / G_ 2 (b,v) 

Jo 3 Jo 3 J -1 3 

= (Tii + T12) + h = h + h 


vdv 


_ _ 1 

We will compute I\: the first two integrals In + In- From (|4.8D, d v G _2 (x,v) = ^-A' (() 


where A = A_ 2 , and thus 

3 


(4.38) 


1 


1 


h = — A' I — 

9s Jo \ (9x) 3 


dx 


1 


- t A' 

x 93 Jo 


(9x) ■ 


dx 

x 


Using the change of variables x —> r 6 x in the last integral of (4.38) and splitting the 


resulting integral in the interval ( 0 , in the integrals fg [•••] + f b rJ [■ • •] we obtain: 


h = 


1 


A' — 


1 


(9x) 


-A' 


1 


(9x) ; 


dx 

x 


1 

95 


„ b 
^3 


A' 


1 


(9x) 


dx 

x 


93 Jo 

— I\a T I\b 

Notice that Ii b depends on r whereas I\ a does not depend on r. We first estimate Ii a . Since 
A (0 = 01 (CP 2 ) as ICI - i► 00 , and due to the analyticity properties of this function from 
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Proposition 


A' - 


4.2 


we have also A' (£) = O ^|C| as |C| 


oo. It then follows that A 7 ( — 1 , 

49x)3 


-r I are bounded for 0 < x < b < 1, and 
(9x) 3 


A 7 


, (9-t) ; 


+ 


A 7 -- 


(9s) 


< Cx , 0 < x < 6 < 1, 0 < r < 1 


which yields 

(4.39) |/ lo | < Cb, 

where C is a uniform constant. Therefore 


lim Ii a = 0, lim Q (1, b) = lim (I u + I 2 ). 
b-> o 6—>o o 


In the rest of the Proof of this Proposition we compute this limit. Using (4.29) we can rewrite 
Iib as. 


(4.40) 


where we 


3 dx 3 f 

hb — - T - 1 - T 

95 Jb s 93 J b 


b 

73 


1 


(9x)5 


A 


1 


v (9x) 


dx 

x 


Then: 


2 2 

= 93 log(r) + 93 / i A(C)C dC, 

J r(9b)~3 

rave changed the va riable s to ( = (9x) - 5 for the second integral. On the other hand, 

2 


using (4.8) we can write I 2 in (4.37) as I 2 = fL 1 (b) 3 A f v 1 ) vdv = 93 J r ^ 9b ^ _) A (C) C^C 


(96)3 


-(96) 


2 2 rr(9b) 3 

lim (lib + I 2 ) = 93 log(r) + 95 lim / A (() (d( 

' ■" 6^0 J_( 9fe ) — 3 


b —>0 


and using Lemma 4.10| we obtain (4.36|) and the Proposition follows. 


□ 


(4.41) 


Proposition 4.11. Let r > 0 be given, r / r c with r c as in (4.1). Let 7 Z$ : b be as in (4-27) 
with b > 0. Suppose that G a is as in (4-8) with 7 = a = a(r), where a (r) is as in Lemma 
4-l\ Then: 

lim / [— vG a n x + d v G a n v \ ds = 0 

<5 - s, ° JdK s , b n{x>o} 

where n = (n x ,n v ) is the unit normal vector to dLi^.b pointing towards TZs : b- 

Proof. We write Q(S,b) = JgTi Sbn { x> o}[~vG a n x + d v G a n v ]ds. Using Gauss Theorem we 
obtain that the function Q (5, b) is independent of b , whence Q (5, b) = Q (5, 1). On the other 
hand, using Gauss Theorem, as well as the boundary condition (4.4) we obtain that Q ( 5 ,1) 
is independent of <5. Moreover, the homogeneity of G a and Lls,b imply that Q (5, 1) = C5 2+3a , 
for some suitable constant CgK. The independence of Q ( 5 ,1) of 5 then implies C = 0 and 
the result follows. □ 


5. The case r < r c : Trapping, nontrapping and partially trapping boundary 

CONDITIONS. 

The main heuristic idea behind the nonuniqueness results in this paper for r < r c as well as 


the role of the critical parameter r c can be seen as follows. Proposition 4.2 suggests that an 
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integrable nonnegative solution of (1.3), (1.4) in ( x,v ) E 
behaviour (cf. (E3»: 


x M has the following asymptotic 


(5.1) 


P (x, v, t ) ~ a a ( t ) G a (x, v ) + a _2 (t) G _2 (x, v ) as (x, x) -A (0,0) 


for suitable functions a _2 (t), a Q (t) . Notice that for r < r c the most singular term in the 


right-hand side of (5.1) is a a (t) G a (x,v) (assuming that a a (t) / 0). If we assume also that 


the functions a a ( t ), a_ 2 (t) are differentiable, we can expect to have corrective terms in 


(5.1) of order ^x + |x| 3 ^ 3 , with /3 = min {a, — |} . Given that j3 + | > max {a,— |} it 

then follows that such corrective terms would be negligible compared with the two terms on 


the right-hand side of (5.1). 


By analogy with the one-dimensional diffusion process considered in Section [2] we can 
expect to be able to impose boundary conditions for P at the point (x, v ) = (0, 0) by means 
of a relationship between a_ 2 (t) and a a (t) . In order to understand the meaning of those 

conditions we remark that the solution a _2 (t)G_ 2 (x,v) is associated to particle fluxes 

3 3 


towards (x,v) = (0,0) in the same manner as the term a± (t) ■ x in (2.19) is associated to 


fluxes towards x = 0 for the solutions of (2.9). This can be seen by means of the following 


computation. Suppose that P has the asymptotics (5.1) and it decreases fast enough as 
|(x,u)| —»• 00 , in order to avoid particle fluxes towards infinity. Let us denote as U the set: 

(5.2) U = {(x, v) : x > 0, v E M, (x, v) / (0, 0)} . 

We will use also the following notation for the boundary of U\ 

(5.3) L* = {(0,v) : v E M} 


We compute dt (f u Pdxdv) using (1.3), (1.4): 

(5.4) dt ( [ Pdxdv j = j [— vd x P + d vv P] dxdv = lim f [— vd x P + d vv P] dxdv 

J Ju s ^°Ju\iis 


\Ju J Ju 

where 1Z$ is as in Definition 14.71 


We can transform the integral on the right-hand side of (5.4) using Gauss Theorem. Then, 


the right-hand side of (5.4) can be transformed in: 


(5.5) lim / 

J {?;<—or u>r(5 3 } 


vP (0, v, t ) dv + lim 


<s_5- ° J &Rsn{x>o} 


[— vPn x + d v Pn v \ ds 


where n = (n x ,n v ) is the normal vector to d!Z$ away from 1Zg. The first integral in (5.5) 
vanishes due to ( |1.4[ ). Using the asymptotics (5.1) we can then write the left-hand side of 
d5T4b as: 


(5.6) 


a_ 2 (t) lim / 

3 s ^° J&R. s r\{x>o} L 


—vG_ 2 n x + d v G_ 2 _n v 
3 3 


ds 


+a a (t) lim / [— vG a n x + d v G a n v \ ds 

' s “ 5-0 JdTl s r\{x>0} 


Using Propositions 4.8 4.11 we can compute the limits in (5.6) whence: 
(5.7) 


dt 




Pdxdv = —Ka_ 2 (t) with k = — 9 3 


7r 


lo g ( r ) + -j= 


We will now indicate how to define different types of boundary conditions for P , assuming 
that we have the asymptotics (5.1). Taking into account (5.7) it is natural to assume in the 
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case of nontrapping boundary conditions: 


(5.8) 


a_ 2 ( t ) = 0 


Notice that in the asymptotics (5.1) the most singular term is a a (t) G a (x, v). Since 
G a (x,v) > 0 (cf. Proposition 4.2), and P > 0 we must have a a ( t ) > 0. 

On the other hand, arguing by analogy with the Toy model considered in Section [2j it is 
natural to define trapping boundary conditions by imposing that P is the smallest as possible. 
We will then define trapping boundary conditions by means of the condition: 


(5.9) 


a a ( t ) = 0 


In principle, in order to show that the condition (5.9) is the one associated to trapping 


boundary conditions, one should study in detail the properties of a stochastic process in 
which particles can arrive to (x, v ) = ( 0 , 0 ) in finite time and to impose that those particles 
remain there for later times. Alternatively, some heuristic justification of ( |5.9[ ) by means of 
a discrete particle model, in the spirit of the Toy model considered in Section [2] could be 
given. We will not do neither of them in this paper. However, it is possible to provide some 


justification by means of PDE arguments of the fact that (5.9) is the condition that must be 


imposed in order to obtain a probability density P (x,v,t) with trapping boundary conditions 
at (x,v) = (0,0). Indeed, notice that (5.1) and (5.9) as well as the fact that P(x,v,t ) > 0 


imply that a _2 (t) > 0. Using then (5.7) as well as the fact that r < r c it follows that for 


any nonnegative solution of (1.3), (1.4) satisfying (5.1), (5.9) we have dt (J u Pdxdv) < 0 , 
i.e. for these solutions the mass could be transferred from hi to (x, v) = ( 0 , 0 ), but not in 
the reverse way, as it would be expected for trapping boundary conditions. Moreover, for 


the class of solutions satisfying (5.1), the boundary condition (5.9) is necessary in order to 


have dt Pdxdv) < 0. Indeed, suppose that a positive solution of (1.3), (1.4) satisfies (5.1) 
with a Q (t) >0, a _2 (t) < 0 for some time interval. For such distributions we would have, 


due to (5.7) that dt (J u Pdxdv) > 0 . Therefore, (5.9) is the boundary condition that must 
be imposed for trapping boundary conditions if we assume that the solutions of 0 , 0 
satisfy (5.1). 

By analogy with the boundary condition (2.16) for the Toy model in Section [2| we can 
look for boundary conditions in which a transfer of mass from (x, v ) = ( 0 , 0 ) to the region 
of U with |(x,u)| small. Notice that since a < — | the measure measuring the fluxes of P, 
namely —d x P towards and from {x = 0} with v small is very large. Therefore, this region 
can be expected to be close to equilibrium. Suppose that m (t) is the total amount of mass 
of the measure P at (x, v ) = (0,0). Since P is described to the leading order in hi, with 
(x, v ) close to (0, 0) by means of a a ( t ) G a (x, v ). Due to the linearity of the problem, the 
local equilibrium between the mass of P at (0, 0) and its surroundings requires a condition 
with the form: 

(5.10) a a (t) = /i*m ( t ) 

for some /U* > 0. The nonnegativity of /r* is due to the fact that a a (t) > 0, m ( t ) > 0. Notice 


that in the case fi* = 0 (5.10) reduces to the trapping boundary condition (5.9). 


Differentiating (5.10), and using that, due to (5.7) we have 

dm 
dt 


= -95 


7r 


lo S (r) + -j= 


a_ 2 (t ), 


and we obtain the following boundary condition 

ddrv _ • 


7r 
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We can interpret the solutions of (1.3), (1.4), (5.11) as the probability density associated to 


a particle system with the property that a particle reaching the point (x, v ) = ( 0 , 0 ) returns 
to U to the rate .. Notice that in the limit case = oo (5.11) formally reduces to the 


nontrapping boundary condition (5.8). 


6. The case r > ry 


NONTRAPPING BOUNDARY CONDITIONS AND PARTICLE FLUXES FROM 
(0, 0) TO U. 


In the case r > r c (including r > 1), the situation changes completely with respect to the 
case r < r c due to the fact that we now have a = a ( r ) > — |, and also because the right-hand 
side of ( 4.28[ ) becomes now nonnegative. 

Suppose that the asymptotics (5.1) holds. Then, to the leading order P can be approx¬ 


imated near ( x,v ) = (0,0) by means of a_ 2 (t) G_ 2 ( x,v ). The nonnegativity of P implies 


that a _ 2 ( t) > 0, and therefore (5.7) yields dt ( j u Pdxdv) > 0. Moreover, if a_ 2 (t) > 0 we 


would obtain dt Pdxdv ) > 0. Therefore, if r > r c the only boundary condition which is 
compatible with solutions defining a probability measure in U U {(0,0)} for general initial 
data is the nontrapping boundary condition, namely: 


( 6 . 1 ) 


a_ 2 ( t ) = 0 


Notice that the previous argument does not imply that it is impossible to construct solu¬ 


tions of the PDE problem (1.3), (1.4) satisfying (5.1) and having a _2 (t) 7 ^ 0. The problem 
is that those solutions cannot be understood in general as probability distributions. Indeed, 
if ci 2 ( t ) < 0 we would have P(x,v,t ) < 0 for ( x,v ) G U small, and then, the resulting 

3 

function P would not be a probability density. On the other hand it is possible to have 


positive solutions of (1.3) 


1.4) satisfying (5.1) with a_ 2 ( t ) > 0. However, for such solutions 


'unction of t. It would be possible to obtain conserved measures 
( 0 , 0 ) + P assuming that initially m > 0 and m + f u Pdxdv = 1, and having a_ 2 ( t ) > 0 


J u Pdxdv is an increasing 
mS , 

only during the range of times in which j u Pdxdv < 0. Since those boundary conditions do 
not allow to interpret P as a probability density they will not be considered in this paper, 
although they could be useful in some problems. We could also have P > 0, a _2 (f) > 0 if 
we do not impose that P is the restriction of a probability measure to U but, say, a particle 
density. The corresponding solutions would represent then, particle densities for which there 
is a flux of particles from ( x , v ) = (0, 0) to U. It is interesting to remark that the same fluxes 
from [x, v) = (0,0) to U can be obtained if r < r c , although in that case, we must assume 
that a_ 2 (t) < 0 in order to obtain an increasing number of particles in U. Nevertheless, we 


will restrict our attention in the following just to the solutions of (1.3), (1.4) satisfying (5.1) 


as well as one of the boundary conditions (5.8), (5.9), (5.11) if r < r c and (6.1) if r > r, 


Indeed, for those boundary conditions we have natural interpretations for P as the proba¬ 
bility density describing the evolution of a particle with nontrapping, trapping or partially 
trapping boundary conditions. 

7. Definition of a Probability Measure in V = U. 


Suppose that P is a solution of (1.3)-(1.5) in U satisfying (5.1) as well as one of the 


boundary conditions (5.9), (5.11), (5.8) (if r < r c ) or (6.1) (if r > r c ). In order to have 


mass conservation, it is convenient to define a probability measure / in the domain V = U 
as follows: 


(7.1) 


/ (■ X , V,t) = P {x, v,t) + m ( t ) (5(0,0) Od v) 
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where: 


(7.2) 


for t > 0 . 


)U 


P (•, t) dxdv + m ( t ) = 1 


Notice that due to (7.2) the measure / is a probability measure. In the case r > r c , where 


the boundary condition which we need to impose is ( | 6 . 1 [ ), or in the case r < r c , if we assume 
the boundary condition (5.8) we have that j u P (-,t) dxdv is constant. If we assume that 


fu P° (') d X( l v = 1 ) it then follows that in those cases m(t) = 0 , t > 0 . 

Notice that in order to define the measure / we do not need to have (5.1). Since we will use 
later functions P for which the d etail ed asymptotics B will not be rigorously proved, we 
remark that the definition (7.1), (7.2) is meaningful if we have, say P £ L 1 ((0, T) : L 1 (U)) 
for 0 < T < oo. In particular the detailed boundary conditions (5.8), Q5.9[ ), (5.11) or ([67T]) 
are not needed. We can formulate this more precisely as follows. 

Definition 7.1. Given P £ L 1 ((0, T) : L 1 ( U )) for 0 < T < oo we define f £ L 1 ((0, T) : M. (V)) 
by means of (7.1) with m (t ) as in |7.,2[) for a.e. t £ (0, T). 


8. Formulation of the adjoint problems. 


Our goal is to construct solutions of 0 - fll.5[) sa tisfying ( |5.1[ ) as well as one of the bound¬ 
ary conditions (5.9), (5.11), (5.8) (if r < r c ) or (6.1) (if r > r c ). However, we will not attempt 


to derive asymptotic formulas as detailed as (5.1). Instead, we will find a weak formulation of 
the boundary conditions (5.9), (5.11), (5.8), ( |6.1[ ). In order to do this we will define suitable 
adjoint problems. These adjoint problems will have some advantages over the original ones, 
in particular its solutions will be bounded, in contrast with the asymptotics (5.1). On the 


other hand the adjoint problems can be studied in a natural way using Hille-Yosida Theorem. 
After proving the well-posedness of these adjoint problems we will obtain a natural definition 


of measured valued solutions of (1.3)-(1.5) satisfying the conditions (5.9), (5.11), (5.8), (6.1) 
in a weak form. Therefore, we then begin deriving formally the adjoint problem of (1.3), 


(1.4) for each of the boundary conditions (5.9), (5.11), (5.8), (6.1). 


Definition 8.1. Suppose that P is a smooth function inU which satisfies (5.1) and it solves 
(1.3), (1-4), with one of the boundary conditions (5. 9\) , 1(5.11 ), (6.1). We will say that 

the operator A defined in a set of functions V (A) C C 2 (M+) is the adjoint of the evolution 


given by (1.3), ( 1-4) and the corresponding boundary condition if for any function smooth 
outside the origin P solving (1.3), (1-4) with the corresponding boundary condition, and for 

functions p = p(x,v,t), with ^|x| + |u| 3 ^ \dtp\ , ^|x| + |uj 3 ^ |A(<^)| £ L 1 ([0, T] x M+) , 
p (•, t) £ T> (A) for any t £ [0, T] , the identity: 

(8.1) f (p (x, v, T) f (dxdv, T) — f ip (x, v, 0) / (dxdv, 0) = f f P (ipt + A (<p)) dxdvdt 

Jv Jv Jo Ju 


holds, where f is as in Definition 7.1 


Remark 8.2. We will say that P is smooth if P vv . P x , P t exist and are continuous in 
Ux (0, T). 


Remark 8.3. Notice that (8.1) implies the following. If pi satisfies the conditions in Defini¬ 
tion 8.1 and, in addition, it has the property that pt + A (pi) = 0 in U, then: 


/ p (x, v, T) f (dxdv, T) = / pi (x, v, 0) / (dxdv, 0) 

Jv Jv 
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Remark 8.4. Notice that the adjoint operators A defined in Definition 8.1 are not neces¬ 
sarily unique, because we could consider different domains V (A). It would be possible to 
obtain uniqueness of the adjoint operator assuming that the elements ofT> (A) are in suitable 
functional spaces. However this would complicate the notation in an unnecessary way and it 
will not be needed in the following arguments. 

In order to derive the form of the operator A we need to assume that the class of solutions 


of the problem (1.3), (1.4), with any of the boundary conditions (5.8), (5.9), (5.11), (6.1), 
is large enough. This will be formalized in the following property which we state here for 
further reference. 


Definition 8.5. We denote as S the set of smooth solutions of any of the problems (1.3), 
(1-4) with one of the boundary conditions {5.8fy, \5.tfj), (5.11), (6.1) in an interval t E [0, T]. 


We will say that the set S has the Property (P) if the identity: 


JUx ( 0 , T ) 

implies h = 0 inUx (0, T) and 


Phdxdvdt = 0 for any P E S 


hPdvdt = 0 for any P E S 


J{x=0, u>0}x(0,T) 

implies h = 0 in {x = 0, v > 0} x (0, T). 


Remark 8.6. We will not prove in this paper that the solutions of the problem 0, 0 
with any of the boundary conditions (5.8), (5. .9}, (5.11), (6.1) has the Property (P) above. 


We will only use this definition to derive the form of the adjoint operators A in Definition 
8.1. We just remark that the Property (P) is a natural assumption for any equation having 


a set of solutions sufficiently large. 

Remark 8.7. Smooth solutions in Definition\8. 5\just means that all the derivatives appearing 


in (1.3) exist and are continuous functions inU. 


9. Derivation of the adjoint equation and the boundary conditions away 

FROM THE SINGULAR POINT. 


It turns out that the adjoint operators A defined in Definition |8.1| are given by a second 
order differential operator in U , for functions <p such that supp {ip (•, t)) H {(0,0)} = 0 for 
t E [0, T] . Moreover, we can obtain also a set of boundary conditions for the functions in 
V (A) at the boundaries L* x (0,oo) = {(x, v, t) = (0, v, t) : v E M , t > 0} . It is worth to 
remark that the action of the operators A, in functions <p with supp ((p) n {(0,0)} = 0 as well 
as the corresponding boundary conditions, are the same for all the set of boundary conditions 


(5.8), (5.9), (5.11), (6.1). 


Proposition 9.1. Suppose that A is the adjoint of the evolution {l-4\) with any of the 


boundary conditions \5.tfy , {5.9 1 ), (5.11), {6.1\ ) in the sense of Definition 8.1. Suppose that 
for any t E [0, T] we have <p {-,t) E C l (V) , with supp fp (•, t)) n{(0,0)} = 0 for any t E [0, T] 
and that \dt<p\ , |A(y?)| satisfy the integrability conditions in Definition 8.1. Suppose that the 


set of solutions S defined in Definition 8.5 satisfies Property (P). Then we have: 


(9.1) 


A >p (x, v , t) = vd x (p (x, v, t ) + d vv ip (x, v, t) 


(9.2) 


ip (0, rv, t) = <p (0, — v, t) , u>0 , f>0 
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Proof. Suppose that p = p(x, v, t ) is a test function whose support is contained in (x, v, t ) E 
Ux (0,oo). Multiplying ( |1.3[ ) by ip and integrating by parts in Ux (0, oo) we obtain: 

(9.3) / P (— dtp — vd x (p — d vv ip) dxdvdt + / vpPdvdt = 0 

JlAx{ 0,oo) JL*x( 0,oo) 

Suppose first that the support of p does not intersect L* x (0, oo). Since P is an arbitrary 
solution of (1.3), (1.4) with one of the conditions (5.8), (5.9), (5.11), (6.1) it then follows 
that: 


(9.4) dtp (x, v, t) + vd x p (x, v, t) + d vv p (x, v, t) = 0 , x > 0, uE 


t > 0 


It then follows from (1.4) and (9.3) that: 


r»oo poo 

dt 


J dv p (0, v, t) — p ^0 ,—,tj vP(0,v,t) = 0 


Since this identity holds for arbitrary solutions of (1.3), (1.4) we can use again Property (P) 
to obtain (9.2). □ 


The problem (9.4), (9.2) defines the adjoint problem of (1.3), (1.4) for test functions p 


whose support does not contain the singular point. However, the problem (9.4), (9.2) does 


not define uniquely an evolution semigroup if r <r c and additional conditions concerning the 
asymptotics of p as (x, v ) -A (0,0) are required in order to prescribe uniquely an evolution 
problem for p. In order to determine this set of boundary conditions we first study the 


possible asymptotics of the solutions of (9.4), (9.2) near the singular point. The arguments 


used to derive the asymptotics of (9.4), (9.2) will be formal, close in spirit to those yielding 


(5.1). Rigorous asymptotic expansions for the functions p will be made precise and obtained 
later. 


10. Asymptotics of the solutions of (9.4), (9.2) near the singular point. 


We compute formally the possible asymptotic behaviour of the solutions of (9.4), (9.2) with 


a method similar to the one used in Section [3| to compute the asymptotics of the solutions of 
0 ( |1.4[ ). More precisely, we look for solutions of ( |9.4[ ), ( |9.2[ ) with the form: 

(10.1) p (x, v, t) ~ a (t) F (x, v) as (x, v) —> (0,0) 

where F behaves algebraically near the singular point and a ( t ) is a smooth function. Arguing 
as in Section [3] it then follows that F must be a solution of the stationary problem: 


( 10 . 2 ) 

(10.3) 


vd x F + d vv F = 0, x > 0, v E M, 
F(0, rv) = F(0,—v), v > 0. 


The invariance of (10.2), (10.3) under the rescaling x \ 3 x, v -A \v suggests to look for 


solutions of this problem with the form: 


(10.4) 


Fp(x,v) =x /3 $(y) , y= 


Lemma 10.1. There exists a function j3 (r) : r E M_|_ -A (— |, |) such that 


(10.5) 

We have: 


- 3/3 (r) log (r) + log ( 2 sin ( vr ( - - /3 (r) 


/3(r c ) = 0 , 0(1) = -- 


= 0 . /»(r) 6 |-f.l 
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with r c as in (f.l). Moreover: 


lim f3(r) = - 

r—»0+ 6 


lim (3(r) = -- 

r —o 


The function f3(r) is related with the function a (r) obtained in Proposition f.l by means 


of: 

( 10 . 6 ) 


P{r) = ~a(r) - - 


Proof. The equation (10.5) can be transformed into (4.6) by means of the change of variables 
(10.6). The result then follows from Lemma 4.1 □ 


Proposition 10.2. For any r > 0 the function Fq (x,v) = 1 is a solution of (10.2), (10.3). 
Moreover, for any r > 0, r / r c , there exists another linearly independent positive solution 


Fp with the form (10.4) with /3 = (3 (r) as in Lemma 10.1. The function Fp is analytic in 
{(x,u) : x > 0, v G Mj and it has the form: 


(10.7) 


2 v ^ 

Fp (x,v) = x p $p (y) with $p (y) = U(-/3, -;y) , y= — 


The asymptotics of $p (y) is given by: 

(10.8) $p (y) ~ |y|^ as y 

(10.9) *p(y) ~ K\yf 

where K = r 3 @. 


oo, 

as y —>• —oo 


Proof. We look for solutions of (10.2), (10.3) with the form (10.4). Then 4> satisfies: 


V®yy + ( 3 - V ) + P® = °- 


Notice that this equation is the same as (4.22). The solution of th is equation yielding alge¬ 
braic behaviour as |y| —> oo and satisfying the normalization (10.8) is (y) = U(—/3, |;y). 
The asymptotics (10.9) with K = r 3 ^ follows from Proposition 4.2 It then follows from these 


asymptotic formulas combined with the fact that Fp ( x, v) = x^p (y) that Fp (0 + , v) = 

for v > 0 and Fp (0 + , v) = ^ 
using the value of K. 


13/3 


for v < 0, whence the boundary condition (10.3) follows 

□ 


Notice that (10.1) and Lemma 10.1 suggest the following asymptotics for the function ip 


near the singular point: 


( 10 . 10 ) 


p (x,v,t) ~ b 0 (t) F 0 (x, v) + bp (t) Fp (x,v) + ... as (x, v) —> (0, 0) 


Using the formal asymptotics (5.1), (10.10) we can obtain precise formulations for the 


adjoint problems of the problems defined by means of (1.3), (1.4) with one of the boundary 


conditions (5.8), (5.9), (5.11), (6.1). More precisely, we will encode the asymptotics (10.10) in 


the domains of the operators A in Definition 8.1 Our next goal is to define several operators 
depending on the boundary conditions under consideration, which will be proved to be 


the adjoints A defined in Definition 8.1 for the different sets of boundary conditions under 
consideration. We first compute an integral which will be used in the derivation of some 
of the adjoint operators. This computation is a bit tedious and technical, although it just 
uses classical tools of Complex Analysis, like contour deformations and the computation of 
suitable limits. 
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10.1. Computation of an integral related to particle fluxes. We will need to compute 
the following limit: 


( 10 . 11 ) 


C* — lim / [Cq (iU; D:)' Ffj TixV Fp') FhD,G q. ti ,> \ ds 

JdTZs 


where 7Z$ is as in (4.27) and n = (n x .n v ) is the normal vector to dIZs pointing towards 7 Zs- 
We have the following result. 


Proposition 10.3. Suppose that 0 < r < r c and 7 Zs is as in (4-21). Let us assume also that 
a is as in Lemma 4-1, (3 as in Lemma 10.1, G a is defined as in (4-8) with 7 = a, Fp as in 
Proposition 10.2 and n is the normal vector to 87Zs pointing towards IZ 5 . Then the constant 
C * defined in ( 10 . 11 ) takes the following value: 


( 10 . 12 ) —^ = — ^sin (to:) + V3 cos (vra)^ — 2 cos ^ 7 r ^ log (?’) 


We will use that C* < 0 for 0 < r < r r 


Lemma 10.4. The constant C* defined in (10.11) is strictly negative for 0 < r <r c . 


Proof. We can rewrite (10.12) in an equivalent form. Using (1.8), (10.12), a + /3 + | =0 and 


simple trigonometric formulas we obtain: 

C * 47r • 1 1 _L 

— = — sm | vr | a + - 

95 3 


— 2 cos ( 7 r ( a + - 


T 

log ( — 


Using then (4.6) we can rewrite this expression as: 


/ n C* 471... / / 1 

(10.13) = —— sm(7rC) - 2 cos ( tt K+ ^ 


log (2cos (tt (C+ 5 ))) \/3tt 

3C + 3 


where f = — (a + |) . Using Lemma 4.1 it follows that C* would be negative for 0 < r < r c 


if the right-hand side of (10.13) is negative for ( € (0, g) . This negativity can be proved 


as follows. The convexity of the function <f ( x ) = x log (x) — x + 1 for x > 0 implies the 
inequality xlog(x) > x - 1 for x 6 (0,1), whence log (271) > 2 ^ 1 for A 6 (0, • Since 

cos (tt (C + g)) € ( 0 , |) for C G ( 0 , ±) we then obtain log (2 cos (tt (C + 3 ))) > ^ 


Using this inequality in (10.13) we obtain % < — %<f> (() with 

_ 93 6 


, 2 cos (n + i)) — 1 »/3 ( ( 1 

4> (C) = sin (7 rC) +- ^ ^ \ cos ^tt U + - 

The concavity of the function cos (7r (C + 5 )) f° r C £ (0, g) implies 2 cos (tt (c + i))-i> 
—sin ( 7r (C + |)) • Then: 


sin TT 


<h (C) > sin ( 7 r£) — 


whence C* < 0 for 0 < r < r r 


|±l)) + ^ cos (U C+ l ')) = 0 force (of- 


□ 


The proof of Proposition |10.3 is based on elementary arguments such as the representation 
of hypergeometric functions in terms of integral formulas and suitable contour deformations. 
However, the arguments are relatively cumbersome and the proof will be split in a sequence of 
Lemmas. We first derive a representation formula for C * in terms of confluent hypergeometric 
functions. 
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—y = — Jim [ wA a ( w ) dw — 2 cos (it ( (5 + - ) ) log (r) 


(9) 


/o 


Lemma 10.5. Under the assumptions of Proposition \10. S\ we have: 

(10.14) 

where: 

(10.15) 


A a = U ( -a, jj; -w 3 j U f-ft, w 3 j - U (-a, jj; w 3 j -w 3 


Proof. The homogeneity of the integral in (10.11) implies that the integrals fg^ x [• ■ •] are 
independent of 5. Moreover, integrating by parts and using (10.2), (10.3) we obtain that the 


integrals [• • ■] take the same value for 0 < b < oo. Therefore, using the form of n : 


C* = - [G a (x, r) D v Fp (x, r) - Fp (x, r) D v G a (x, r)] dx + 

J o 

+ f [G a (x, -1) D v Fp (. x , -1) - Fp (x, -1) D v G a (x, -1)] dx - 


(10.16) 

for any b > 0. 




vG a ( b , v) Fp ( b , v) dv 


Using (4.8), (4.9) and (10.7) we obtain: 


[G a (x, v) D v Fp (x, v ) - Fp (x, v ) D v G a (x, u)] = 


x a +P~\ ( v x 2 


i , T 

x 3 ) V 9x 


v 


where 

(10.17) T(s) = 


U ( -a, p -s'j DU (-P, jj; s\ + U (~/3, sj DU (-a, -s 


Notice that the two first integrals on the right-hand side of (10.16) have the form: 

2 

/ ” nr.~~ ■ k / ?j \ 

(10.18) 


/o 


r(i)' 1 ©* 


where v takes the values r and (—1) re specti vely. Using the change of varia bles x = by as 
well as the fact that a + /3 + | =0 (cf. (10.6)) we can transform the integral (10.18) in: 


(10.19) 


9s f 1 (L 3 \ 3 T (L 3 \ dy 

"3" Jo \9y) ( 9 y) 7 


< 


where L = Using (4.9), (4.10) we obtain |T (s)| < C\s\ a+ ^ 1 whence ssf (s) 

b 3 _J _ _ 

C |s| q+/5 + 3 -1 = yj. Therefore the integral in (10.19) can be estimated as 7 whence the 


limit of the integrals in (10.18) converges to zero as b -A 0. It then follows from (10.16) that: 

/ r 

vG a ( 6 , v) Fp ( b , v) dv 
-1 


We now notice that (4.8), (4.9), (10.7) as well asa + /3 + | = 0 yield: 


q § / 2 ?; 3 \ / 2 ?; 3 

vG ° (b,v) Fp (b,v) = —rt/ (-«. 3 ; -gj) C' (“ft 5 ; gj 


(96) ; 


(96)3 
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Then, using the change of variables w = —and writing R = — R- we obtain: 

( 96)3 ( 96)3 


rrR 


C* = — (9) 3 lim 


R —>-oo J 
rR r i rri? 


U ( —cc, —w 3 ) U ( — /?, w 3 ) wdw 


3 

—rR 


Splitting the integral as [•••] = f Q rK [•■•] + f° rR [•••] + J_ R U [■ • •] and using the change 
of variables w —> (—w) in the last two integrals we obtain: 


rrR 


C* = — (9) 3 lim 


R—>oo 


[U ( —a, —w 3 ) U ( — /3, w 


-U w 3 ] U p-w 3 ^ jwdw 


rR 


( 10 . 21 ) 


— lim 
R —^oo 


rR 


U ( —a, —; w 3 ) U ( —j3, —; —w 3 ) wdw 


Using (4.9), (4.10) as well as a + (5 + | = 0, we obtain: 


1 


U ( —a, -; w 3 ) U ( — /3, —; — w 3 ) w ~ 2 cos ( -k I (3 + - ) ) (w) 1 as w —> oo 


whence: 




lim 

R—t oo . 


Vi? 


U ( —a, re 3 ) U ( — /3, —re 3 ) wdic = —2 cos ( 7r ( /? + - ) ) log (r) 


Plugging this identity in (10.21) and replacing rR by R in the first limit on the right we 
obtain (10.14) and the result follows. □ 


In order to compute the value of A Q in (10.15) we will use some representation formulas 
for the functions U (— a , — w 3 ) , U (— fd, |; w 3 ) : 

Lemma 10.6. Suppose that 0 < r < r c and a , f3 are as in the Lemmas 4-l\ 10-1 respectively. 
Then, the following representation formulas hold: 


( 10 . 22 ) 

(10.23) 


U ( -a, -;w 3 

U ( -P, ^,w 3 


T(—a) 


we 


Q 2 (w,a + 1) , w > 0 


r(i-C) 

where the functions Q n are defined by means of: 

t 


Qi[w-,P+-) , w > 0 


(10.24) 


Q, 


fC 

(w, a) = J 


—w^t 


dt 

. i I ~ 2 ir > 0 < a < 1, n> 0 
t-l ) fa 


w > 0 


Remark 10.7. Notice that the functions Q n are defined for noninteger values of n. 
Proof. We have: 

(10.25) U (a, b, z) = 

T(a) 

(10.26) U(a,b,z ) = z 1 ~ b U (1 + a — b, 2 — 5, z) 


p z roc 

J e~ zt (t — 1)“ _1 (tR^ 1 dt , a > 0 , Re (z) > 0 


(cf. 13.2.6 and 13.1.29 from |lj). Using that a < 0 we then obtain from (10.25): 

„ 3 


(10.27) 


TT . 2 3 \ e' 

U{ ~ a ’3’ W ) = T(=a) 


s: 


—w^t , 


(t — 1) 01 1 ( t) a 3 dt , w > 0 
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whence (10.22) follows. On the other hand (10.26) yields 

U ( — /3, —; w 3 ) = wU ( - — fi, —; w 


Using then that ft <\ we obtain from (10.25): 
(1028) 


, w>o 


and (10.23) follows. 


□ 


We now prove that the functions Q n (w; a) can be extended analytically for w / 0 and 
derive suitable representation formulas. To this end we need to give a precise definition of 
some analytic functions with branch points. 


Definition 10.8. We define a branch of the function ypzij analytic in C\ [0,1] , which 
will be denoted as <b(t;a), prescribing that ( s) a = |s| a e* aarg l s l, with arg (s) £ (—7r,7r) for 

2 n 

s £ C\ [0, oo). On the other hand, we define the functions t"s" with n = 1,2 in a subset of a 
Riemann surface given by S = {t = |f| e ld : |t| 0, 9 £ [— 37 t, 0]}. We set: 


f| e 


i8 


. 2n 2 nOi 

= t h e 3 


There exists a natural projection from the Riemann surface S to C. We will say that a 
contour A defined in S surrounds the interval [0,1] if the projection of A into C surrounds 
the interval [ 0 , 1 ]. 

Remark 10.9. We use the notation t = \t\e ie to denote points in the Riemann surface S 
with a value of the phase 6. Notice that then the points to = 1 £ S and to = e~ 2m £ S are 
different points. 

We can then obtain the following: 

Lemma 10.10. The functions Q n (w,a) defined in (10.24\) for 0 < a < 1, n = 1,2 and 
w > 0 can be extended analytically to the set {w £ C : Im (iv) > 0} and continuously to the 
set {Im (w) >0, w ^ 0} . Moreover, the following representation formulas hold for w < 0 : 

dt 

2 n , n> 0 , 0 <a<l 
t 3 


(10.29) Q n (w;a)= fe ™ 3 t <l> (f; a) 

J'y 


where the functions <J> (f) and f~ 3 “ are as in Definition 10.8 and 7 is a contour starting at 
t = 1 contained in the Riemann surface S, surrounding the interval [0,1] and approaching 
asymptotically to t = 00 • e~ 3m . 


Remark 10.11. Notice that Lemma 10.1(\ yields a representation formula for 

U\—a,--,w 3 ) , U (—/3,w 3 ) with w < 0 


by means of (10.22), (10.23). 

Proof. We can then rewrite ( |10.24 ) as: 

(10.30) Q n (w;a)= [ e 

Jc 


—w i t 


t-lj it 


a dt 

, w >0 


where C C S is the line connecting 1 and 00 given by {t : t = 1 + pe ld , p £ [0, 00 ), 0 = 0} . 
In order to extend analytically the function Q n (w, a) to the region {Im (w) > 0} we use 
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Figure 1. Contour 7 


(10.30) with w = |u>| e^ 1 with <p £ [0,7r]. In order to ensure the convergence of the integrals 
we can modify the contour of integration to a new contour CL which connects t = 1 with 
t = 00 and for sufficiently large |f| , say |f| > 3 is just the line {f : t = |f| e -3 ^*} . Therefore, 
if tp varies from 0 to 7r we would obtain that this line which describes the asymptotics of 
the new contours C v is just the line {t : t = \t\ e -3,n } of the set S. Notice that this contour 
deformation must be made avoiding intersections of the new contours C v with the interval 
[0,1] . The function (£; a) can be defined in S in a natural manner using just its definition 
in C\ [0,1] . After concluding the deformation of the contours we obtain a representation 
formula for Q n (w;a) with w < 0 having the form (10.29). □ 


Contour C 






Figure 2. Contours C v for some values of <p 
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We can now find a representation formula for the limit lun^co f^wA a ( w ) dw in (10.14). 
We first define the following family of auxiliary functions: 

Definition 10.12. Suppose that 0 < A < 1, 0 < H < 1, n > 0, m > 0. We define: 

. „ „ . <h (t; A) (x; B) 4> (t; B) 4> (®; A) 

^ (t, x\ A, B, n, m) = --- +- teS , x <E S 


t 3 X 3 


X 3 t 3 


where the functions $ are as in Definition 10.8 and the power laws s —> (s) a are computed 
in the portion of Riemann surface S as in Definition 10.8. 

We then have: 


Lemma 10.13. Suppose that we define the following real functions for x > 1, 0 < f < 1 : 

( A / __ \ B 

(10.31) 'hi (t,x; A, B,n,m) = 


t 

1 - t 


x 

rr _ 1 / ,2m 2 n 

J- / T9, nr 9. 


(10.32) 


\h 2 (t, x; A, B,n,m) = 


t 


1 -t 


B 


x 


x — 1 


1 

_ n _ 

t 3 X 3 

1 

2 n 2m 

t 3 X 3 


We define a contour A in S as A = Ai U A 2 where: 

A8 


(10.33) 

and A 2 is a contour connecting 2 

(10.34) K m (A) = ( —e mA + e 


A.\ — ^ t G S t — ~2~ 9 ^ ^ [0j —27r] 


p — 2-ni . 

with t = 00 ■ e 


—37 ri 


We define: 


e 3 — e e 3 


0 < A < 1 , m >0 


Let A = a + 1, i? = /3+|, n = 1, m = 2. Let 

(10.35) G ( t , x; A, 1?, n, m) = K m (A) 'I'i + K n ( B ) \k 2 

Then the function is integrable in (t,x) € [|, l] x (l,oo) and we have: 


(10.36) 


rR 

lim / wA a (w) dw 

J 0 

roo 


sin (tt a) 


37T 

roo 


roc r 

L dx L 


\k (t, x ; A, B, n, m) 


dl ' < n 'I 

A (* - t) 


+ 


dx 


G (t, x ; A , B, n, m) 


1 1 


(* - t) 


Remark 10.14. The rationale behind the definition of the contour A is to avoid the contour 
of integration approaching the origin t = 0 , because the function 'k is not integrable there for 
the range of parameters required. 

Remark 10.15. We introduce here a contour C for further reference. This contour consists 
in the limit of contours approaching the segment [^,l] , connecting the points t = 1 with 
t = \ with t = |f| e l ° and Lm ( t) -A 0 _ . We continue the contour by means of the contour A\ 
defined in (10.3cfy . It is then followed by a contour obtained as limit of contours converging 
to the interval R, l] with Im(t ) > 0, t = |i| e~ 2m and connecting the points t = ^,1. We 
then continue the contour by a segment converging to [^,l] with Im(t ) < 0, t = |t| e~ 2m , 
connecting t = 1, \ . The last part of the contour is then the contour A 2 in the statement of 
the Lemma. 
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Figure 3. Contour C 


Proof. Using (10.15), (10.22), (10.23), (10.29) we obtain the representation formula: 


(10.37) A a = 


w 


r(- a )r(± — p) 


f°° -w 3 x f x \ /3+3 dx f 3 t . dt 

/ e ( ~T7 I ~ / e $ (t;a + 1)- 

J 1 \ X 1 / X3 1 3 


+ 


j; 


X 


o+l 


W 




x — 1 

(Ji + J 2 ) 


% f e ” ,, $lt;/3+=| + 

X3 J'y V & 


7 

2 \ dt 
— 

1 3 


where 7 6 5 is as in Lemma 10.10 We can deform the contour of integration 7 to the 

—^ 4 

Using the Definition of the functions <f> (f; a + 1), ts 


contour C introduced in Remark 10.15 


we obtain the following formula for the integral J = j^ in the definition of J\ : 


/ e wH <f>(t;a + 1 ) ^ 

J 7 f 3 

[ e“ 3t $(l;a + 1) * 

J A t 3 

+ e i7r ( a+1 ) + e - if ( a+1 )eT - e i7r (" +1 ) e ^) e wH 

jT ^ (f; a + 1) ^ + R 2 (a + 1) £ e wH 


o;+l 


t \ “ +1 dt 


-V ti 


dt 

— 

t 3 


where we use that: 


(10.38) 

(10.39) 


lim <J> (x + ei) 

£^ 0 + 


lim <i> (x — ei) 

£^ 0 + 


X 


1 — X 
X 

1 — X 


x € ( 0 , 1 ) 
x € ( 0 , 1 ) 
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A similar argument gives: 

L 


e- 3 ** (*;/? +| 


2 \ dt 




—w 3 t 


1 - 1 


p+ 


3 dt 
— 

t 3 


We then obtain: 
(10.40) 


/ oo r 

dx J dte~ w3< ' x ~ t ^ (t,x;A,B,n,m) + 

/*oo /^l 

+ / dx dte~ w (t,x; A, B,n,m) 


Notice that the integrability of near x = 1, t = 1 is a consequence of the fact that 

we have K 2 (a + 1 ) + K\ (f3 + |) =0 and this implies the inequality: 


(10.41) 


G ( i, x; a + l,/3 + - , 1,2 


< C 


(1 — t ) a+1 (x — 1 ) 


/3+ 


2 + 


(x-l)“ + 1 (l-t) 


P+i 


\x — 1\ 


and the desired integrability follows since (a + 1) < 1, (/? + |) < 1. The fact that /\ 2 (a + 1)+ 
K\ (/3 + |) =0 follows from the following computation which is a consequence of the fact 
that f3 + I = —cc : 


/t 2 (a + 1) + K x ( p + - ) = (e ma - e~ ma ' 


) / 47ri 87ri \ 

1 + e~ +e~ = 0 


Integrating ( 10.37 ) in [0,i?] after multiplying by w, using (10.40) and taking the limit R —> 
00 we obtain (10.36), using also the formula T (/3 + |) T (| — /3) = sill ^ 7 r ^ + 2 ^ = ~ S m( 7 ra) 

(cf. 6.1.17 in [J) we obtain (10.36). □ 

We now study the properties of the functions defined by means of the right-hand side of 
(10.36). More precisely, we define the following subset of M 4 : 

(10.42) 

2 ( 77, —1— 777,) 

K. = {(A, B, n, m) : 0 < A, B < 1, n > 0, m > 0, --- > 1, K m (A) + K n ( B ) = 0 } 


where the functions K m (A), K n ( B ) are defined as in (10.34). Therefore: 
Lemma 10.16. The formula: 


(10.43) 


Q (A, B,n,m) = 


(°° dx dt - (t ’ x ; m) + 


(x-t) 


+ 


/*00 f ‘ 

l ix L 


1 , G (t, x; A, B, n, m) 
dt v ’ ’ ’ ’ — 

1 (x — t) 


defines a continuous function in the set K. in (10.42) where the contour A is as in Lemma 


10.13, T is as in Definition 10.12, and G (t, x; A, S, n, m) as in (10.35) with K m (A), K n ( B ) 
as in (10.34) an d ^l, 4 , 2 are as in ( 10.31\ ), (10.32). 
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Suppose that in addition to (A, B,n,m) E 1C we have A + B < 1. Then the following 
representation formula holds: 

'P (t, x ; A, B , n. m) 


(10.44) 


r°° r i 
Q(A,B,n,m) = J dx J dt- 


(x~t) 


where C is the contour introduced in Remark 10.15. 


Proof. Since {A, B , n, m) E K. it follows from the definition of G, K m (A), K n ( B ), and 'Pi, 4^ 
that the inequality (10.41) holds. Therefore the formula (10.43) defines a continuous function 


Q in 1C. Suppose that A + B < 1. Then, since the contour C is contained in Re ( t) < 1 we 
obtain, using Definition 10.12 the following estimate for f E An {|t| < 2} , x E {|a:| < 2} : 


\P (t, x ; A, B, n, m ) 


x — t 


< K 


1 


(1 ~t) A+A * (x- 1 ) 


B+B* 


+ 


1 


(1 ~t) B+B ~ (x- 1 ) 


A+A* 


where A* + B* = 1, A + A* < 1, B + B* < 1 and K is independent of A,B,n,m. Notice 
that the choice of A*, B* is possible because A + B < 1. Then, the function 


(t,x]A,B ,n,m) 
x—t 


IS 


integrable in a neighbourhood of t = x = 1, and using the definition of the functions <P, (t) a 


in Definition 10.8 we obtain exactly the numerical factors in the functi ons K m ( A ), K n ( B ) 
in the integral in the contour C. This gives the representation formula (10.44). □ 


We now describe the structure of the set K. in the neighbourhood of a point (Aq, Bq, 1, 2) 


with Aq + Bq = 1, Ao >0, B 0 > 0. Notice that a computation similar to (10.44) shows that 
such points are contained in /C. We have: 


Lemma 10.17. For each positive Aq, Bq satisfying Aq + Bq = 1 there exists 5 > 0 and two 
differentiable functions 0i (A, B ), ©2 ( A , B) defined in \A — Ao| + \B — Bq\ < 5 such that 
@i {Aq. £>q) = 1, 0 2 (A 0 ,B 0 ) = 2 and such that (A, B,@\ (A, B) ,@2 (A, B)) belong to 1C. 
Moreover, we have: 

(10.45) lim ^ >1 ^°’ —cl -1 = ^1 + v^eot (7r^4 0 )^ 

(10.46) lim ^°’ — ll —? = — jj ^1 + \/3cot (vrAo)^ 

Proof. The set 1C is defined by means of the equation K m (A) + K n ( B) = 0. Taking the real 
and imaginary part of this equation we obtain that it is equivalent to the two real equations 
F\ = F 2 = 0 with 


F\ ( A , B, n, m ) 

= — COS (ttA) + cos 

— cos (ttB) + cos 



( 47t m 


— cos 


V 3 

47TO 


+ n A 


— cos 


+ irB 


F 2 ( A,B,n,m ) 
= — sin ( 7 tA) + sin 

— sin (7 tB) + sin 



/ 47rm 


— sin 


V 3 

47rn 


+ 7ryl 


— sm 


+ 7 tB 


The existence of the functions © 1 , @2 is just a consequence of the Implicit Funcion The¬ 
orem. Indeed, since we have Tj (Ao, Bq, 1, 2) = F 2 (Aq, Bq, 1,2) = 0 we only need to check 
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that (A)> Bo, 1, 2) / 0. This is equivalent to proving that: 


d(n,m) 

det 


— sin (^ — ttBo 

— sin (^ — 7r A 


+ sin (^ + nB 0 
+ sin (4^ + itAo 


COS ( — IT Bo) — COS ( Tf + IT Bo 


COS ( — 7tA) — COS ( ^ + 7T^4, 


47T 


8n 


/o 


0 ^ det 


Using that Bo = (1 — A) an d elementary trigonometric formulas we obtain that this 
condition equivalent to: 

2 sin(7r (1 - A))cos(f) 2sin(f)sin(7r(l-A)) A = _ 2v / 3sin 2 IvrRn) 

2 cos (^) sin(7rA) 2 sin (4^) sin (n A) J 

which holds for A £ (0,1). 

In order to obtain the asymptotics (10.45), (10.46) we argue as follows. We write n = 
1 + <Si, m = 2 + A Using Taylor’s to approximate the equation K m (A + K n ( B ) = 0 for 
A = Ai B = Bo — £, we obtain the following approximation to the linear order: 


0 = — - 



sin (7 tA) 82 + (sin (-7 tA) + V^cos (7 tA)) £ 


-o “o - TT* sin (7rA) A 


The imaginary part of this equation implies, to the linear order, that 8 \ = 82 - We the n 
obtain the approximation di = 82 = — | (l + \/3cot(7rA)) £ as £ —>■ 0 . This gives (10.45), 
(10.46). This computation can be made fully rigorous by means of a standard application of 
the Implicit Function Theorem. We will skip the details. □ 

We can obtain now a representation formula for Q (A,B,n,m) with (A, B,n,m) E /C, 
A + B <1. 

Lemma 10.18. Let (A, B,n,m) E /C with A + B < 1. Suppose that Q (A, B,n,m) is as in 
Lemma 10.16. Then the following representation formula holds: 


(10.47) 


Q ( A , B , n, m) = — 2 iri 


‘i; 


An ni An mi 

e 3 + e 3 


t- 1 


A+B 


dt 


2 (n+m) 

t 3 


Remark 10.19. Notice that 2 l ra + m ) > \ if (A,B,n,m) E 1C. Therefore the integral on the 
right of ( 10 . fl) is well defined. 


Proof. Under the assumptions of the Lemma, (10.44) holds. We can now deform the contour 
of integration C E S to a new contour given by the line L = jt E S : 1 + re~ lS : r > 0} 
where <5 > 0 is a small number. The deformation is made by means of a family of contours 
which behave asymptotically for large \t\ as the line {t = re ld \ with 0 varying from — 3vr to 
—8. In the process of deformation the deforming contours must cross any point t = x with 
x E (l,oo). This gives a contribution due to Residue Theorem equal to —2 iri^ [e~ 2 m x,x) , 
where the notation T (e~ 2 m x, x ) indicates that the function T must be evaluated at that 
particular point of the Riemann surface S. Then: 

(10.48) 


Q (A, B,n,m) =— 2 ni / T (e m x,x]]A,B,n,m 


fC 

?.) dx — 


dx / dt 


T (t, x: A, B, n, m) 
(t-x) 


In order to compute the last integral in (10.48) we argue as follows. Exchanging the role 
of x and t we obtain: 


dx / dt 


T ( t , x; A, B , n, m) 
[t-x) 


dt / dx 


T (x, t ; A, B, n, m) 
fx-t) 
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Using now that T (x, t; A, B, n, m) = \k (t, x; A, B , n, m) we obtain: 

4' (t, x; A, B, n, m ) 


(10.49) 


h Jl it - x) 


dt / dx- 


(x-t) 


In order to transform the last integral in the original one we deform the contour L to 
(l,oo) and the contour (l,oo) to L. In the process of deformation one the contour L must 
cross the point x = t yielding a contribution due to Residue Theorem. Then: 

T (t, x ; A , B, n, m) 


(10.50) 


POO 

I dt J dx 

P POO 

I dt J dx 


( x~t) 

T (t. x; A, B, n, m ) 
0 -t) 


+ 2ni J 'h (f,f; A, B,n,m) dt 


Combining (10.49), (10.50) we obtain: 


POO P 

L dx L 


roo f (t, x\ A,B,n,m) . . 

dx / dt -t -r-= m / (t,t; A, B,n,m) dt 

II c t-x ) A v ; 


Plugging this formula into ( 10.48[ ) and relabelling the name of the variable in the first 
integral of the right of (10.48) we obtain: 

/ OO POO 

T ie~ 2m t , t ;; A, B , n, m ,) dt — iri J (t. t; A, B, n, rri) dt 

We now use that, taking into account the analyticity of the function <J> (t: a) = (t-i 
C\ [0,1] we have: 

A+B 


m 


\k (t, t; A. B , n, m) = 2 


t 


t - 1 


1 


’P (e 27 ri t,t-,;A,B,n,m) = 


Anni Air mi 

e s + e 3 


2 (n+ra) 5 
3- 

t \' 4+B 


arg (t) E [-5,0] 


t- 1 




2(n+m) 

t 3 


, arg (f) E [-5,0] 


if 5 > 0 is sufficiently small, whence (10.47) follows. 


□ 


We now take the limit of Q (A, B, n, m) as {A + B) —> 1 . 

Lemma 10.20. Suppose that 0 < Aq < 1, 0 < Bq < 1 satisfy Aq + Bq = 1. Then: 

Q (A 0 , -B 0 ,1, 2) = t 2 ^1 + a/ 3 cot (vrA 0 )^ 

Proof. Lemmas |10.16[ |10.17| imply: 

(10.51) Q (j4o, Bq, 1, 2) = lim Q (Aq,Bq — e,@i(Ao, Bo — s), @2 {Ao, Bo — e)) 

£-> 0 + 


Using (10.45), (10.46) as well as the fact that l + es +es =0 we obtain: 


1 / 4ire 1 (A 0 ,.B 0 -e)i 4jre 2 (Ap ,B 0 

- (^1 + e 3 + e 3 


( A-ni 8ni \ 

e 3 + e s J 


3 • 8 


1 + \/3 COt (7T Aq 


(10.52) 


= -A (l + \/3cot 


47T^ 87T^ 

as e —>• 0. Notice that we use e 3 + e 3 = —1. We can now take the limit in (10.51) using 
(10.47). Notice that the main contribution to the integral is due to the region where t is close 
to one. We can then split the integral as A 1+5 + A°A with 5 > 0 small. The second term is 
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bounded as Cge for each 5 > 0 due to (|10.52) and in the first we can approximate t by 1 in 


2 (n+m) 4_|_R . • \ 

t s and t + . Then, using again (10.52) we obtain: 

lim Q (A, B 0 — e, 0i (A), Bo — e), 02 (A, A — e)) 
£—>0 + 


-1+5 


= — 2 iri lim / 

£->o+ J i 


47r©^i 47r©2i 

1 + e^r- + e 5 


t 


n 2 ^1 + V^cot (7rA)^) lina_ £ J 


1+5 


t- 1 

l—£ 


Aq-\~Bq—£ 


dt 


2 (n+m) 
t 3 


t- 1 


= IT 2 1 + 


\/3cot (7 tA)^ 


and the result follows. 


We can now compute C* and finish the Proof of Proposition 10.3 


End of the Proof of Proposition 10.3. Using ( |10.36[ ), ( |10.43[ ) we obtain 


rR 


lim / wA a (w) dw = — 


sin (net) 


R—> oo 


Lemma 10.20 yields 

lim I 

R —^oo / 


3n 
n sin (net) 


Q(l +<+,/? + -, 1,2). 


whence: 


a 

(9)1 


. / x , n sill (na / r- , , ,.\ 

wA a (w)dw = ---(^1 + v 3cot (n (1 + a))J 

= — — ^sin (na) + -v/3cos ( 7 ra)^ , 

= — ^sin (na) + V3 cos ( 7 ra)^ — 2 cos ^ 7 r ^ log (r) 


□ 


□ 


11. Definition of some differential operators. 


Our goal now is to obtain suitable adjoint operators in the sense of Definition 8.1 for (1.3), 


(1.4), with the boundary conditions (5.8), (5.9), (5.11), (6.1). These operators will act over 
the class of continuous functions on a topological space X. The action of the operators will 
be given by a differential operator L with suitable boundary conditions. In this Section we 
give the precise definitions of X and C. 


Definition 11.1. We define as Xq the set obtained identifying the subset of points [0,oo) x 
(—00,00) such that (x,v) = (0,—v) and (x,v) = (0 ,rv), v > 0. We then define X = Xq U 
{00} , and we endowed it with the natural topology inherited from M 2 complemented with the 
following set of neighbourhoods of the point 00 : 

Om = {A v) € [0, 00) X (—00, 00) : v < —M or v > rM or x > M} , M > 0 


The set X is a topological compact set. The continuous functions of this space can be 
identified with the bounded continuous functions ip in [ 0 ,oo) x (— 00 , 00 ) such that 

( 11 . 1 ) ip ( 0 , — v) = <p ( 0 , rv ), w > 0 


and such that the limit lim 3 ,_|_+|^. 00 p (x, v) exists. We will denote this set of functions as 
C (X). Notice that a function p £ C (X) defines a function in C (U) satisfying (11.1). We 
will use the same notation p to refer to both functions for the sake of simplicity. 

We need to introduce some local directionality in a neighbourhood of each point of X\ {(0,0), 00 } 
in order to compute directional limits. 
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Definition 11.2. Given two points (xi,v \), (x 2 , V 2 ) E X\ [{(x, 0) : x > 0} U { 00 }] . We will 
say that (x\,v\) is to the left of (x 2 ,v 2 ) and we will (xi,t>i) <C (x 2 ,v 2 ) if x\sgn{vi) < 
x 2 sgn (v 2 ) ■ 


Notice that the previous definition just means that (x \, m) -C {x 2 ,v 2 ) in one of the following 
three cases: (i) If v\ > 0 and v 2 > 0 we have x\ < x 2 ■ (ii) v\ < 0 < v 2 . (iii) If v\ < 0 and 
v 2 < 0 we have x\ > x 2 .. 


Definition 11.3. Given a point (xo,vo) E X\{(x, 0) : x > 0} U { 00 } and a neighbourhood 
B of (xq,vq) in the topological space X we define the left neighbourhood B~ (xq,vq) as: 

B~ (x 0 , v 0 ) = {(x,v) e B : ( x , v) < (x 0 , n 0 )} 

Remark 11.4. Notice that the neighbourhood B must be understood as a neighbourhood of the 
topological space X. In particular, if (xo,uo) = (0, no) any neighbourhood of (xq,vo) contains 
points ( x , v) with v > 0 and v < 0 . 

Definition 11.5. We will say that L C X is a vertical segment if it has the form {(xo, v) E X : 
for some xq >0, a, fi E M with a ■ f3 > 0, a < (3. Given two vertical segments L\, L 2 we will 
say that L\ is to the left of L 2 if for any (xk,Vk) E with k = 1,2 we have (x\,vi) <C (x 2 , v 2 ). 
We will then write L\ <C L- 2 . We will say that L C X is a horizontal segment if it has the 
form {(x, no) E X : x E (a, /?)} for some noEla,/lER with 0 < a < (3. 

It will be convenient to define a suitable concept of convergence in the set of segments. 


Definition 11.6. Given two segments L\, L 2 in X we define a distance between them as: 
(11.2) distu (la, L 2 ) = inf {dist ((x, n) , L 2 ) : (x, v) E L{\ 


The action of the operators f l a on smooth functions supported in U (cf. (5.2)) is given by 
the differential operator 


(11.3) 


C — D.. + vD x 


where the operator C will be defined in the sense of distributions as indicated later. Never¬ 
theless, the operators fwill differ in the different cases (cf. (5.8), (5.9), (5.10), (6.1)) in its 
domain of definition which will encode the asymptotic behaviour of ip near the singular point 
(x,v) = (0,0). 

We endow the set C {X) with a Banach space structure using the norm: 

(11.4) IMI = sup \(p(x,v)\ 

(. x,v)ex 


We need to impose suitable regularity and compatibility conditions in the class of test 
functions in order to take into account the compatibility conditions imposed in X. Let V be 
an open subset of U. We will consider functions £ E C (V - ) satisfying: 

(11.5) C (0, —v) = r 2 ( (0, rv) ; v > 0 , if (0, —v ), (0, rv) E V 


(11.6) There exist ( x ,(w E C (V) 

(11.7) C* (0, - v ) = r 2 Cx (0, rv) ; v > 0 if (0, -v ), (0, rv) E V 


(11.8) supp (£) n [{x + \v\ > R} U {0,0}] = 0 for some R > 0 

We can define a set of functions 


(11.9) 


^(^) = {CEC(l7) : (JTT5]), (JTT6J, ([TT^, (Q hold} 


We now define the action of the operator £ in a subset of C (X). 


E (a,/3)} 
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Definition 11.7. Suppose that W is any open subset of X. Given E C ( W ), we will say 
that Cip is defined if there exists w E C (W) such that for any ( E T (U n W) we have: 


( 11 . 10 ) 


Junw 


<p£* (C) dxdv = 


Junw 


wfdxdv 


where C* = D% — vD x . We will then write w = C<p. Given V C U, we will say that Cp is 


defined in V if there exists w E C ( V ) satisfying (11.1) such that for any ( E T (U) such that 


supp (C) fl (dV) = 0, ( 11 . 10 ) holds. 


12. Regularity properties of the solutions: Hypoellipticity. 


In this Section we will formulate some regularity results associated to PDEs containing 
the operator £ which will be used repeatedly in the following. 

One of the key features of the solutions of equations like (1.3) is that their solutions are 
smooth in spite of the fact that they contain only second derivatives in the direction of v 
and not in the direction of x. This smoothness can be proved for a large class of initial data 
using the fundamental solution associated to this equation in the whole space, which was first 
computed by Kolmogorov (cf. [57]). 

On the other hand, hypoellipticity properties for equations with the form (1.3) have been 
known for a long time and they have been formulated in different functional spaces in several 
papers (cf. [5], [25], [26], @0], 07], 09]). Hypoellipticity properties for the evolution problem 
associated to the equation (1.3) with absorbing boundary conditions have been proved in Ell¬ 
in this paper, we will need regularizing effects only for the stationary problem. We collect 
in this Section some regularity results used in this paper. We first need some notation to 
denote a portion of the boundaries of a class of domains which will be used repeatedly in this 
paper. More precisely, we will restrict ourselves to the following class of domains contained 
in [0,oo) x (—00,00) y {(0,0)} : 


Definition 12.1. y ci [0, 00) x (— 00,00) y {(0,0)} is an admissible domain if it has one of 
the following forms: 

(a) It is a cartesian product (xi,x 2 ) x (vi,v 2 ) with (xi,x 2 ) C (0,oo), (vi,v 2 ) C M and 
0 ^ [xi,x 2 ] x [ui,u 2 ] . 

(b) It has the form (0, x 2 ) x (rq, v 2 ) \ (0, x\) x (v\,v 2 ) with 0 < x\ < x 2 , v\ < v\ < 0 < 
v 2 < v 2 . 

In the case (a), we will denote as d a E and term as admissible boundary the subset of the 
boundary dr. defined by means of: 


d a r = d a . h E U d a , v Z 

d a ,hE = ([xi,x 2 ] x {ui}) U ([xi,x 2 ] x {u 2 }) 

d a ,vZ = (([ui,u 2 ] n ( 0 , 00 )) X {x 2 }) U (([ui,u 2 ] n (-OO,0)) X {.Ti}) . 

and we will denote as d*E the adjoint admissible boundary given by: 

8* a E = d a>h EUdl v E 

d a,v E = (([vi,u 2 ] n (- 00 , 0 )) x {x 2 }) U (([ui,u 2 ] n (0,oo)) x {aq}). 

In the case (b) we will denote as d a E the set: 
d a E = da.hE U d a , V E 

d a ,h£ = ([0, x 2 ] x {iq}) U ([0, x 2 \ x {u 2 }) U ([0, x 1 ] x {uj) U ([0, xi] x {u 2 }) 
d a ,= ([ui,0] x {xi}) U ([0,u 2 ] x {x 2 }) 
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and the adjoint admissible boundary d*E as: 

d* a E = da )h Eud* a:V E 
d *a,v E = ([0, v 2 ] X {x 2 })U([ui,0] X {xi}). 


V 


X 



Figure 4. Admissible domains in Definition 112.11 


Theorem 12.2. Let IF C X be one admissible domain in the sense of Definition 12.1 and 
ip G C (W ). Suppose that Lip = w G C ( W ) in the sense of Definition \11. 7[ Then D v ip G 
C (IF) . Moreover, if Ws denotes the subset of W such that dist((x,v),d a W) > 5 > 0 we 
have: 

\\DvT\\l°°(w s ) — Cs,w IMIi°°(W) 

where Cs t w > 0 depends only on W, 6. 

Proof. The regularity at the interior points of U n W is a consequence of the hypoellipticity 
results in [25]. The regularity in the sets {x = 0, v > 0} n W follows from classical parabolic 
theory, assuming that x is the time variable. We then obtain the desired continuity in 


{x = 0, v<0}nW using (11.1). The uniform regularity in {v < 0} D W then follows from 
parabolic theory. □ 


We will use also the following result for the solutions of the evolution problem (1.3), (1.4). 


Theorem 12.3. Let W = with 1Z$ as in Definition 


C ([0,1] x W) and that P solves (1.3), (1-4) in (0,1) x W. 


\D,,P\ 


'([MXuX) 


< CIIPI 


4- 7. Suppose that P , P tl P xx , P v G 
Then: 

L°°([0,l]xVF) 


Proof. It is just a consequence of the results in [25 


(1.4) 


as well as the boundary condition 

□ 


We will use also the following hypoellipticity property. 

Theorem 12.4. Suppose that W C X and ip G C {W ), with ( 0,0) ^ W. 

(i) Suppose that Cp> = w G C (W) in the sense of Definition 11. 7. Then D x (p, D v ip, D%ip G 
Lie (W) and these norms can be estimated by HXX . 

(ii) Suppose that Tip = v G M. (IF) . Then the L p norm of p> and D v ip in each open set , 
or in any horizontal curve can be estimated by the sum of the L 1 norm of ip and the M. (IF) 
norm of v. 


Proof. The result (i) follows from 
the adjoint operator of C. 


The result (ii) can be proved by duality, using (i) for 

□ 









































42 


HYUNG JU HWANG, JUHI JANG, AND JUAN J. L. VELAZQUEZ 


... I think that the case of horizontal curves follows because we have enough 
smoothing effects for one derivative. Perhaps check this. ... 


13. Definition of the operators Q a . Domains V{£l a ). 

We now define some operators for the different boundary conditions described in Section 
[16] of Section i where o is the subindex labelling each set of boundary conditions. In all the 
cases the operator acts over continuous functions defined on a compact topological space 
X in Definition lll.il 

We will assume that the functions <p E T>(Q a ) have the following asymptotic behaviour 
near the singular set: 

SU.p 3 \'t (X 

(13.1) (p(x,v) = <p(0,0)+A{<p)Fp(x,v) + 'il)(x,v), |m - X+H -= 0 


where A (<p) E M and with Fg as in ( 10 . 7 ) 


13.1. The case r < r c . Trapping boundary conditions. In this case we will define flt,subF 
as follows. We consider the domain: 


(13.2) 

We then define: 


V(Q t sub) = {<p,£<p E C ( X ) : satisfies ( 13 . 1 ), lim (£y?) (x,v) = 0 } 

- (x,u)—>(0,0) 


(13.3) (Clt,subV)(x,v) = {£<p)(x,v) , if (x, v) / (0,0), oo 

{^t,svbf) (0,0) = lim (£<p)(x,v) = 0 , (Q t sub ip) (oo) = (£tp) (oo) 

(x,?j)—>(0,0) 


with £(p as in Definition mu We remark that in this case as well as in the following three 
cases, we have that £ip E C ( X ) for the functions in the domains and then the limit 
lim^^^o) (C<p) ( x , v) exists. 

13.2. The case r < r c . Nontrapping boundary conditions. We define Q n t. sub cp by means 
of (11.3) in the domain: 


(13.4) D(D n t ]SU fe) = {tp,£<p E C {X) : ip satisfies (13.1) and A((p) = 0} 

We then define: 


(13.5) (£l n t,sub<p) (x, v) = (£ip)(x,v) , if (x, v) / (0,0), oo 

(ttnt,subF) (0,0) = lim (£ip) (x, v ) , (£l n t,sub<p) (oo) = (£<p) (oo) 

(a:,u)—>(0,0) 


with £(p as in Definition 11.7 


13.3. The case r < r c . Partially trapping boundary conditions. Given any //* > 0, 


we define Q p t sub (p by means of (11.3) in the domain: 
(13.6) 


£ ) {Qptsub) = { £ C P0 : V satisfies (13.1), there exists lim (£</?) (x,v) = n* \C*\A(tp) > 

l - (s,u)—>(o,o) J 


where C* is as in ( 
{£ip) (0,0). We t 


10.11) (cf. also Proposition 10.3). We will denote from now on lim^^wmo) (£<p) (x,v) 
len define: 


(13.7) (ytpt'SubF) (x,v) = (£ip)(x,v) , if (x, v) ^ (0,0), oo 

{&pt,svbV) (0,0) = {Cip) (0,0) = //* \C*\A(ip) , {£l v t,subV) (oo) = (£ip) (oo) 
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We will not make explicit the dependence of the operators £l p t,sub hr /r* for the sake of 
simplicity. Notice that trapping boundary conditions reduce formally to the case /r* = 0 and 
nontrapping boundary conditions to the case ^*= 00 . 

13.4. The case r > r c .. In this case we only consider the case of nontrapping boundary 


conditions. We then define D sup (/j by means of (11.3) in the domain: 

(13.8) V(Q sup ) = < p,Cp £ C (X) : there exists lim (£p) {x,v) > 

l (a;,u)-K0,0) J 


Notice that in this case the condition (13.1) does not make sense if p £ C ( X ) because 

P< 0 . 

We then define 


(13.9) (Q sup p)(x,v) = (Lp)(x,v) , if (x, v) (0,0), 00 

(D sup p) ( 0 , 0 ) = lim (Cp) (x, v ), (D sup p) ( 00 ) = (Cp) ( 00 ) 

(®,«)->((),0) 

14. Formulation of the adjoint problems if r < r c . 

In this Section we prove the following characterizations of the adjoint operators A for the 


boundary conditions (5.8), (5.9), (5.11). 


Proposition 14.1. Let r < r c . The operator Llt, sub defined in Section 13.1 is an adjoint op¬ 
erator A for the problem (1.3), (1-4) with boundary conditions (5.9) in the sense of Definition 

no 


Proposition 14.2. Let r < r c . The operator Ll n t S ub defined in Section 13.2 is an adjoint op¬ 
erator A for the problem (1.3), (1-4) with boundary conditions (5.8) in the sense of Definition 

[Q 


Proposition 14.3. Let r < r c . The operator Ll p t, S ub defined in Section 13.3 is an adjoint 
operator A for the problem (1.3), (1-4) with boundary conditions (5.11) in the sense of Defi¬ 
nition GO 


Proof of Propositions \14D\ \ 14-*A \14-3[ We use Definition 8.1 We will assume in the following 
that P is a smooth function outside the singular point satisfying (1.3), (1.4) and (5.1). 


Suppose first that P satisfies also (5.9) and that ip (•, t) £ D(Ll tjSU b) for all t £ [0, T] . We then 
compute the integral: 


(14.1) 


1 = 


' [0,T] JU 


P (dtp + Llt,subP) dxdvdt 


Notice that the assumptions on p in Definition [84j as well as the asymptotics (5.1) imply 
that |P| \dtp\ and |P| \Llt,subP\ belong to L 1 ([0,T] x M^_) . Therefore: 


(14.2) 


1 = lim P (dtp + ^\ )SU bp) dxdvdt 

s ^°J[o,t}Ju\r. 5 

= / ( lim / P ( d t p + D t , sub P ) dxdv ) dt 

J [0,T] \ s ^°Ju\lls J 


with Kg as in (4.27) with 6 = 1. Notice that Ll t}SU bp = Cp for (x,v) 7 ^ (0,0). Theorem 


implies that D v p is continuous outside the singular point (x, v ) = (0, 0) . Then: 

(14.3) j Pfl t , S u b pdxdv = J$ + [ p (D^P — vD x P ) dxdv 

Ju\K* ’ Ju\K* 


12.2 
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with 

(14.4) 


Js (t) = [P (n v D v p + n x vp ) - pD v Pn v \ ds 

Jdn 5 


where ds is the arc-length of dlZ$ and the normal vector is pointing towards TZ$. Notice that 
in the derivation of this formula we have used the existence of the derivative D V P. On the 
other hand, using that |P| \dtp\ € L 1 ([0,T] X we obtain: 


[OX] JuXRs 


Pdtpdxdvdt = / (Pp) (-,T) dxdv — / (Pp) (-,0) dxdv— 

Ju\Rs Ju\Kx 


U\Rs 


(14.5) 


ipdfPdxdvdt 


J [o,t] Ju\n s 

Combining (14.2), ( 14. 3[ ), (14.5) and using also ( |1.3| ), (1.4) we obtain: 


X = lim / Js (t) dt + lim 
<*->o J[o,T] . 


/ (Pp) (-,T) dxdv — lim / (Pip) (-,0) dxdv 
'uxr. 6 s ^° Ju\Tls 


whence: 


(14.6) X = lim / Js (t) dt + / (Pp) (-,T) dxdv — / (Pip) (-,0) dxdv 

5 ^°J{o,t] Ju Ju 

We compute lim^o Jj 0 t] (t) dt as follows. Using the asymptotics (5.1), (13.1) as well 
as (5.9) we can write: 


Js(t) = a _ 2 (t) ip (0,0, t) 


+<p(0,0,t) 


IdTlg 


(n x v) G _ 2 — n v D v G_ 2 

'dTZs ' 

[n x vQ — D v Qn v ] ds + 


ds P 


(14.7) 


+ 


f [P (n v D v W + n x vW) — WD v Pn v \ ds 
J&Rs 


where Q = P — a_ 2 (t)G_ 2 and W = ip — ip (0, 0, t) . We define functions Qr(x,v) = 

q(Rx,RB v) W (Rx,R^ v) 

— — ^2 —-, Wr(x,v) = — ^~rp -• Using (5.1) and (13.1) we obtain that \Qr(x,v)\ and 

R 3 


12.3 


\Wr(x,v)\ are bounded for 'R, 2 \Jli. Theorem 

2 _ 

sup tz 3 \r , 2 \D v Qr\ -> 0 as R —> 0. On the other 


combined with (5.1) then imply that 


rand, Theorem 


2 3 _ _ 

suP7? 3 \7£ 9 | D v Wr\ < h(t) , with Jj Q h (t) dt < 00. The definition of Qr, Wr then yields 


2.2 


and (|13.1l) yield 


(14.8) lim sup 

R ^ 0 §<x+\v\ 3 <2R R~3~3 


DvQ\ _ n [ 

2 1 U , / 

J fc 


[OX] 


sup 

f <Z+H 3 <2 R 


+ R3 I D V W 


dt < CR 13 


Therefore, the last two integral terms in (14.7) converge to zero (after integrating in time) 
and we have: 


lim / Js (t) dt = 

5 ^° J [o,X] 


'[0X] 


a_ 2 (t) p (0,0, t) dt lim 


5 ->° Jdn s 1 


(n x v) G _ 2 — n v D v G_ 2 


ds 


The last limit can be computed using Proposition 4.8 Then: 


lim 

< 5 —>0 


[0X] 


Js (t ) dt = -9n 


log (r) + 


7r 

7IJ 


/ a_2 (t) p (0, 0, t) dt 

' [o,T] 3 , 
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We then obtain, using (14.6): 


X = -93 


7r 


lo g (r) + ~^= 


/ a_ 2 (t) ip (0,0, t) dt 

l[0,T\ 3 , 


+ / (Pip) (■, T) dxdv — / (Pip) (•, 0) dxdv 

Ju Ju 


Using now (5.7) and (7.2) we obtain: 


X = 


[OX] 


dm ( t) 
dt 


ip (0,0, t) dt ] + / (Pip) (•, T) dxdv — / (Pip) (-,0) dxdv 

Ju Ju 


whence, using (7.1) and (14.1) we obtain (8.1). Notice that we use also that ipt(0,0,t) = 


—Cip (0,0,t) = 0 due to (13.2). This concludes the Proof of Proposition 14.1 


We now consider the case of nontrapping boundary conditions (cf. Proposition 14.2) 
Arguing similarly we obtain formula (14.6) with: 


X = / P (d t ip + n n t,sub<p) dxdvdt 

J [ 0 ,T] Ju 


In order to compute lirn^o J| 0 7-] Jb (J) dt i n this case we use (5.1), (13.1) and (5.8). We 
then obtain, instead of (14.7): 


(14.9) 


Js(t) = a a (t) ip (0, 0, t) / [(n x v) G a - n v D v G a ] ds + 

Jo n s 

+ip (0,0, t) / [ n x vQ - D v Qn v \ ds + 

Jans 

+ [P (n v D v W + n x vW) — WD v Pn v \ ds 
Jans 


where now Q = P — a a (t) G a and W = ip — ip (0,0, t). Notice that the boundary condition 
A (ip) = 0 in (13.4) implies, arguing as in the Proof of (14.8): 

(14.10) 


lim 

R —>-0 r 


sup 

<i+M 3 <2R 


IQI , \D V Q\ 


R 


+ 


R 


2 _ 1 
' 3 3 


= 0 , lim / 

R ^° J [ox] 


sup 

f <a;+H 3 <2R 


W \D V W\ 


RP + 


rp- 


dt = 0 


4.11 


Then, the two last integrals in (14.9) tend to zero. On the other hand, the remaining one 
vanishes due to Proposition 


Therefore lim^o Jj 0 T i Jd (t) dt = 0. Using then (5.8), (5.7) 


and (7.2) it follows that m (t) = 0, whence (8.1) follows. This shows Proposition 14.2 


Finally we consider the case of Partially Trapping Boundary Conditions (cf. Proposition 


14.3). In this case we obtain (14.6) with: 


X = 




P (d t ip + lLpt,subip) dxdvdt 















































46 


HYUNG JU HWANG, JUHI JANG, AND JUAN J. L. VELAZQUEZ 


We now have: 


Js it) = a a (t) p (0, 0, t) / [(n x v) G a - nD v G a ] ds + 

J&R S 


+a _2 (t) ip (0,0, t) 


I dn 6 


(n x v) G _2 — nD v G_ 2 


ds 


(14.11) 


+<p (0,0, t) / [ n x vQ - D v Qn v ] ds + 

Jans 

+ [P ( n v D v W + n x vW) — WD v Pn v \ ds 
Jans 


with Q = P — a a (t) G a — a _2 ( t ) G_ 2 , W = p — ip (0,0, t). Arguing as in the previous cases, 
by means of a rescaling argument, we obtain: 


(14.12) 


,. ( \Q\ , \D V Q\ 

hm sup - % J -2—r 

R ^° f<x+\v\ 3 < 2 R \R~3 R- 3-3 

r f (W \D V W\ 

hm sup / H-—^- 

^°f<-+M 3 <2ii-W] RJ~ 3 


= 0 


c 


third integral tends to zero as 5 —> 0 due to (14.12). Using Proposition 4.8 we obtain: 


The first integral on the right-hand side of (14.11) vanishes due to Proposition 4.11. The 


hm Js(t) = -9 s 

<5—^0 


log (r) + 


7 r 


a_ 2 (t)<p(0,0,t) + 


(14.13) 


+ lim / [P ( n v D v W + n x vW) — WD v Pn v \ ds 

Jails 


We now notice that: 

(14.14) hm / [P (n v D v W + n x vW) — WD v Pn v ] ds = C*a Q (t) A (ip) 

Jans 


where C * is as in (|10.11[ ). We recall that C* has been computed in Proposition 10.3 Therefore, 
using (14.14) in (14.13) we obtain: 


lim Js ( t ) = —93 

<5-MD 


7T 


l0g ■ r ' ) + 71 


a_2 (t) p (0,0, t) + C*a Q (t) A (ip) 


Combining (5.7), (7.2), (14.6), (14.13) we obtain: 


1 = 


'[ 0 ,T\ 


dm ( t) 
dt 


p (0,0, t) dt + C* 


'[0 ,T] 


a a ( t ) A (p) dt 


+ / (Pp) (•, T) dxdv — / (Pp) (•, 0) dxdv 

Ju Ju 


Using then the definition of the measure / in (7.1) as well as the fact that dtp (0,0, t) = 
—Cp (0,0, t) we obtain: 


Z = 


/ m (t) Cp (0, 0, t) dt + C* / a a (t ) A (p) dt+ f (dxdv, T) — f (dxdv, 0) 
J [ 0 ,T] J [ 0 ,T] Jv Jv 
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Using now (5.10) and (13.6) we obtain: 

X = — / m (t) A (<p) dt + / m(t)A(ip)dt 

J[0,T] J[0,T] 

+ f f (dxdv,T) — f f(dxdv, 0) 

Jv Jv 

= j f (dxdv,T) — f f (dxdv, 0) 

Jv Jv 

where we used the fact that C* < 0 (cf. Lemma 10.4). Then, using also the definition of X 
in (14.2) we obtain : 


[0,T] JU 


P (dtp + Jd a ,mP) dxdvdt = f (dxdv, T) — f (dxdv, 0) 

Jv Jv 


whence (8.1) follows. This concludes the Proof of Proposition 14.3 


□ 


15. Formulation of the adjoint problem if r > r c 


Proposition 15.1. Let r > r c . The operator Ll sup defined in Section 13.4 is an adjoint oper¬ 
ator A for the problem (1.3), (1-4) with boundary conditions (6.1) in the sense of Definition 

EH 


Proof. It is similar to the proof of Propositions 14.lt |14.2[ |14.3 We define 

(15.1) X= / / P (dtp + Q sup p) dxdvdt 

J [0,T] Ju 


By assumption P satisfies (5.1) with (6.1). We define Q = P — a a (t)G a and W = 
<p — ip (0,0, t) . Then, arguing as in the previous proof we obtain (14.6) with: 

Js (t) = a a ( t ) ip (0,0, t) / [(n x v) G a - n v D v G a ] ds + 


+T (0, 0, t) 


Idlls 


'dlls 

[n x vQ — D v Qn v \ ds + 


(15.2) 


+ 


I dlls 


[P ( n v D v W + n x vW) — WD v Pn v \ ds 


Notice that in this case we have a > — ^ and due to (6.1) we have, arguing as in the 


previous case: 
(15.3) 


lim sup 


\Q\ , \d v Q\ 

2 ' 


= 0 , lim / 

R ^° |<x+|J| 3 <2R ViX~f R -^° J [o,T] 


sup 

f <x+h| 3 <2 R 


\W\ + 


\DyW\ 
R- 3 


dt = 0 


Notice that, since (3 < 0 in this case, the only information that we have about |W| near the 
origin is that it converges to zero, plus the estimates for the derivatives that can be obtained 
by rescaling. The first integral on the right of (15.2) vanishes due to Proposition 4.11 The 
second converges to zero as 5 —> 0 due to (15.3) and the third one can be estimated, using 
the estimates for P as well as (15.3) as C (d)“ + 3 . Using that a > — | it then follows that the 
this integral converges to zero as 6 —> 0. Taking the limit of (14.6) as <5 —> 0 we arrive at: 

X= / (Pip) (-,T) dxdv — / (Pip) (-,0) dxdv 
Ju Ju 

Using then that m (t) = 0 (cf. <EZI> and we obtain (|8.1|) and the result follows. □ 
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16. Summary of adjoint problems to be considered. 


Given the problem (1.3), (1.4) with any of the boundary conditions (5.8), (5.9), (5.11), 


( |6.l[ ) we define the adjoint problem as: 

(16.1) p t + A (p) = 0 , t £ (0, T), p (-, T) = p 0 (•) 

where p (• t ) £ T> (A) for any t £ (0, T) . We change the time as t —> (T — t) in order to obtain 
a forward parabolic problem. Therefore ( 16. 1| ) becomes: 

(16.2) ip t — A {p) = 0 , t £ (0,T), v 7 (', 0) = po (•) 

with p (■ t ) £ V (A) for any t £ (0, T) . We will say that ( 16. 2[) is the adjoint problem of (1.3), 
(1.4) with the corresponding boundary condition (5.8), (5.9), (5.11), (6.1). Notice that the 
characterizations of the adjoint operators A obtained in Propositions |15.1 14.1| |14.2| |14.3| 
make possible to reformulate the problem ( |16.2 ) as a PDE problem with suitable boundary 
conditions along the line L* = {(x, v) = (0, v) : v £ M } as well as near the singular point 
(x, v ) = (0, 0). We now describe in detail this set of PDE problems for the different cases for 
further reference. 


16.1. The case r < r c In this case we need to distinguish the cases of the three boundary 


conditions 

or 

bo 

, ( 

5.9 

, ( 

5.11) 

in Sections 

13.1 

13.2 

co 

cb 

H 

as 


The adjoint problem of (@, ( |1.4[ ) with boundary condition ( |5.8[ ) is: 

(16.3) dtp — vd x p — d vv p = 0, x > 0, v £ M 

(16.4) p(0,—v,t) = p(0,rv,t), v>0 

su P*+M3=rIV’0aM)| 


(16.5) p (x, v, t) = ip (0, 0, t) + V’ (x, v, t ), lim 

o 

which must be complemented with the initial condition: 


RP 


= 0, t £ (0,T) 


(16.6) 


p(x,v, 0 ) = po (x,v) 


The adjoint problem of (1.3), (1.4) with boundary condition (5.9) is: 


(16.7) 

dtp — vd x p — d vv p = 0, x > 0, v £ M 

(16.8) 

p( 0 ,—v,t) = p( 0 ,rv,t), v >0 

(16.9) 

lim {Cp) {x, v, t) = 0, t £ (0, T) 

(x,v)— >(0,0) 


with £ as in (11.3). A natural initial condition for this problem is: 


(16.10) p (x, v, 0) = po (x, v) 

The adjoint problem of 0, ( |1.4[ ) with boundary condition ( |5.11[ ) is: 

(16.11) dtp — vd x p — d vv p = 0, x>0, u £ M 

(16.12) p( 0 ,—v,t) = p( 0 ,rv,t) , v >0 


lim (Cp) (0, 0) = /j* |C*| A (p ), t £ (0, T) 

(x,v)—>(0,0) 


(16.13) 
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with £ as in (11.3) and A(p>) defined by means of: 


(16.14) ip (x, v, t) = <p (0, 0, t) + A (ip) F /3 (x, v) + if (x, v, t) , lim 

R—> 0 


su Px+h 3 =rIV'(^^)I 


R.P 


= 0 


We will obtain a well defined initial-boundary value problem with: 


(16.15) 


V(x,v, 0) = <p 0 (x,v) 


16.2. The case r > r c :. In the case r > r c we only need to consider the case in which the 


boundary condition is (6.1). Due to the definition of D sup in Section 13.4 and Proposition 


15.1 we obtain that the adjoint of the problem (1.3), (1.4) with boundary condition (6.1) can 


be formulated as: 
(16.16) 

(16.17) 


dt<p — vd x <p — d vv ip = 0, x > 0, »eR 
ip(0,—v,t) = tp(0,rv,t), v>0 


(16.18) p (x, v,t) = T (0, 0, t) + if (x, v, t) 


lim sup \if (x, v, t)| = 0, te(0, T) 

R ^°x+\v\ 


complemented with: 

(16.19) Lp (x, v, 0) = ipo (x, v 

As a next step we will prove that the problems ( |16.16 )-( fl6.19 ), (16.3)-(16.6), (16.T)-( 16.10), 


(16.11)-(16.15) can be solved for suitable choices of initial data tpo. These solvability results 


will be used to define a suitable concept of solution for the boundary value problems (1.3), 


formula (8.1). 


(1.4) with one of the boundary conditions (5.8), (5.9), (5.11), (6.1) by means of the duality 


17. WELL-POSEDNESS OF THE ADJOINT PROBLEMS. 


In order to prove well-posedness of the problems (16.16)-(16.19), (16.3)-(16.6), (16.7) 


(16.10), (16.11)-(16.15) we will use the version of Hille-Yosida Theorem that we recall in the 


next Section. 


18. Hille-Yosida Theorem. 


We will follow closely the formulation of the Hille-Yosida Theorem in |39| , which is partic¬ 
ularly well suited for the study of the adjoint problems summarized in Section fTBl of Section 

El 

The following results are Definition 2.1 and Proposition 2.2, Section 1 of 


Definition 18.1. Let D be a linear operator on the Banach space C {X ) and V (H) its domain. 
We will say that LI is a Markov pregenerator if: 

(i) : 1 <E V(Q ), m = 0. 

(ii) : V (LI) is dense in C ( X ). 

(iii) : If f €T> (LI), A > 0, and f - A Ltf = g, then min CeX / (£) > min feX g (£). 


Lemma 18.2. Suppose that the linear operator LI on C (X) satisfies that for any f 6 T> (Q) 
such that f (rj) = min^c^) / (Q , we have Ltf (rf) > 0. Then LI satisfies the property (iii) in 


the Definition 18.1 


We recall that an operator Lt in a Banach space E is closed if its graph is closed in E x E 
(cf. [IDj). In our specific setting this just means the following: 


Definition 18.3. Lt is a closed operator if {(p>, Ll<p) : p> G T> (D)} is a closed set in C (A') x 
C (AT) . That is, if <p n —t P>* an d if in C (X) , then (p* £D (LI) and if = Lhp*. 
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The following results are just a reformulation of Proposition 2.6, Definition 2.7 and Propo¬ 
sition 1.3 of [39]. 

Lemma 18.4. Suppose D is a closed Markov pregenerator. Then 1Z (7 — AD) is a closed 
subset of C ( X ) for A > 0. 

Definition 18.5. D is a Markov generator if it is a closed Markov pregenerator such that 
1Z(I — AD) = C ( X) for all sufficiently small positive A. 

Definition 18.6. {S ( t ) | t > 0} is a Markov semigroup if it is a family of operators on 
C (X) satisfying the following: 

(i) : 5(0) = /. 

(ii) : 7r : [0,oo) -» C ( X) by n (t) = S (t) f is riqht-continuous for every f £ C ( X ). 

(iii) : S(t + a)f = S(t)S (s) f for all f € C (X) ,s,t> 0. 

(iv) : S (t) 1 > 0, t > 0. 

(v) : S (t) f > 0 for all nonnegative f G C (X). 

The Hille-Yosida Theorem provides a connection between Markov generators and Markov 
semigroups. The following version of this Theorem is the one in Theorem 2.9 of [39] . 

Theorem 18.7. (Hille-Yosida Theorem) There is a one-to-one correspondence between Markov 
generators on C ( X ) and Markov semigroups on C ( X ). The correspondence is given by the 
following: 

V (D) = (/eC (X) I lim — — L ex ists 
[ t-> o+ t 

and 

nf= lim I S ^f~ f , f€V( D) 

t-s>0+ t 

If f G V (D), then S (t) f gD (D) and 

j t (s(t)f) = ns(t)f 


19. Comparison Principles and Trace Properties. 

In this Section we collect several Maximum Principle properties of the operator L which 
will be used in the following. 


19.1. Basic Definitions. Due to the directionality of the transport terms in the operator L 
we do not need to impose conditions in all the boundary of the domain where the problem 
is satisfied in order to obtain comparison results. In order to keep the statements simple we 
will formulate the Maximum Principle only for the particular class of domains in Definition 

mu 

The purpose of the following Definition is to have a suitable unified notation for the spaces 
which will be needed to formulate comparison principles both for the whole space X and the 
admissible domains S. 


Definition 19.1. We will define as Lff (X) the space of functions ip such that, for any 
compact set K C [0, oo) x (— oo, oo) there exists a constant C = C ( K) such that 
C (K). In the case of the domains H in Definition 
space L 


-OO 


12.1 


L°°(K) — 


we will define as Lf 3 (S) just the 


We now define a suitable concept of sub/supersolutions in the domains 
that the class of functions J- (Y) is as in (11.9). 


and X. We recall 
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Definition 19.2. Suppose that Y is, either the space X, or one of the admissible domains S 
defined in Definition 12.1 We will say that tp E L(fi (Y) is a supersolution for the operator 
C (•) + k, with k E 


(19.1) 


if, for any E T (Y), > 0 the following inequality holds: 

— / ip (C* ijj + Kiji) dxdv > 0 

Jx 


where in the case of domains containing all or part of the line {x = 0} we assume in addition 
that (0, —v) = r 2 fi> (0, rv ), v > 0. 

We will say that tp E L£° (Y) is a subsolution for the operator Dtp + k if (—ip) is a super¬ 
solution for the operator Ctp — n. 

19.2. Traces and their properties. We will need to use sub and supersolutions having 
discontinuities in some vertical lines. This is the main reason to assume only L£° regularity 
in Definition 19.2 Notice that this Definition does not make any reference to boundary 


conditions. This is just due to the fact that it is not possible to define boundary values for 
a function (p which is only in L°°. However, it turns out to be possible to define a suitable 
concept of trace for the supersolutions and subsolutions in Definition 19.2| This fact will play 
a crucial role in the rest of the paper. 


Proposition 19.3. Suppose that Y is as in Definition 19.2 and <p E L’ff (Y) is a supersolution 
for the operator C(-) + kI for some k E M. Let uj E T (Y). It is possible to modify the function 
:p in a set of zero measure in Y to obtain a function tp (also denoted as <p) with the following 
properties: 


(i) Let L* CY be any horizontal segment in the sense of Definition 11.5. Then there exists 
El, (iPi u ) £ ® such that 


(19.21m sup 

£->0 + 

= 0 


J L u T ds ~ (<£,w) 


: L C Y horizontal segment with distn (L,Lfi) < e 


with distn (L, Lfi) as in (11.2 ). There exists a function V’L* £ L°° (L*) such that El* (tp, uj) = 
j L *fi>L*uds. Moreover, (19.2) holds also for any function uj with the form ui (x,v) = C ( x )xl, (v), 


with £ E L 1 (L,) and where xl, is the characteristic function of the set L *. 

Moreover, there exist also rri^ ( tp , of) , rnf (tp, uj) E M such that, for any vq E L* we have: 


(19.3) 

(19.4) 


lim - [ tvd v ipdxdv = m~j( (tp,uv) 

£ —'> 0 + £ jL* x(vq,Vo+£) 

lim - [ 


ujd v ipdxdv = m L (tp,uo) 

£-S>0+ £ J L,X(-£+V 0 ,V 0 ) 

There exist Radon measures Q^ Jt , Qf r E M (L*) such that (^,w) = f L Q±*ujds. 

(ii) Let L, C Y be any vertical segment in the sense of Definition ll.^ with xq E L*. Then 
there exists (tp, uj) , Ef* (tp, uj) E M such that 

ujtpdxdv = I'l (tp, uj) 


(19.5) 

lim - 

£->0+ £ 

(19.6) 

lim - 

£->0+ £ 


' ujtpdxdv = E L * (tp, uj) 

L,x(—E+Xo,X o ) 

There exist functions e L°° (L,) such that cf* (tp,uj) = j L *prf*ujds. Moreover 

(19.5), (19.6) hold for any function uj with the form uj (x, v) = xl, (x) C (v ), with £ E L 1 (L,) 


and where xl, is the characteristic function of the set L *. 
The same results hold for subsolutions. 
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Proof. Suppose that L* is a vertical line as in the statement of the Proposition and wG J (Y). 
Let us denote as £ = £ (v) the restriction of u to the line L*. Due to the continuity of u, to 


prove (19.5) is equivalent to prove: 


(19.7) 


lim - 

e->o+ e 


' L*x(xo,xq+e) 


fipdxdv = 


where we assume that £ is extended from L* to L* x (0, e) assuming that ( x = 0. Due to 
the smoothness of £ we can write ( = £+ — £_ + R where £+ and (- are nonnegative and 
smooth and R is small in L 1 (L*). Due to the boundedness of ip the contribution of R to the 
left-hand side of (19.7) can be bounded by H-Rll^qz,,) • Therefore, 


lim - 

£-> 0 + £ , 


L* X (a:o,3:o+£) 


(ipdxdv — lim - 


£ —‘* 0+ e JL,x(x 0 ,x 0 +e) 


(C+ — C-) pdxdv 




Then, proving formulas like (19.7) for £ + and C- for a functional = J Lat f>L*uds with 

j/’l* as in the statement of the Proposition, we would obtain (19.7) with a little remainder 
C II-^IIlPa*) w hich can be made arbitrarily small and the result would follow for (. We can 
then restrict ourselves to the case of £ > 0 . 

We define an auxiliary test function Q by means of: 

f i ( x ~ I) W 1 if | < * - x 0 < £ 

= \ 7 ( 2 e — x) if £ < x — xq < 2 e 
l 0 otherwise 


w x, v 


A density argument shows that (19.1) holds for the test function u in spite of the fact that 
this function is not in T (Y ). Therefore, using 19.1, we obtain that 


2 

£ 


' L* x (xo+|,xo+£) 


<pC 


l f iP( - 

J (x 0 +e,xo+ 2 e) 


-Ce 


where C is a constant depending of ||</?|| Loo , > supp(( ), L* and k. It then follows 

that for any £ 0 > 0 small the sequence J LsfX ( X0+2 -n £0tX0+2 -^E 0 ) T’C + C' 2 _n+l£ o} is an 

increasing bounded sequence. Therefore, the limit 

2 n f 

Inn — = £ 0 

n->oo So 1l,x(xo+2-"£o,io+2-"+ 1 £ 0 ) 

exists. This implies the existence of the limit lim^^oo T- f LtX ( X0 Xo+ 2~ n E 0 ) s i nce we can 
write: 

2 n f 2 n ^ 

— pC = — V 

£ 0 JL,x(io,io+2"“£o) fc=0 

Using then the approximation 


IL*x (a;o+2~ n - fe - 1 £o,a;o+2 _71_fe £o) 


pC 


/ ip( = 2 n k 1 eo (^o + o ( 1 )) as n —> oo 

J L,x(x 0 +2- n - k - 1 E 0 ,x 0 +2- n - k E 0 ) 

we obtain lim^^oo f L y ^ , i . 0+2 -"£ 0 ) V’C) = ^o- ^ °nly remains to show that the limit is in¬ 
dependent of £o for any £q G (0,1). Let us take £i 7 ^ £o- Let t\ be liiUn^oo T- f L Xo+2 -n ex ) pC 

i\. Suppose that n is any large integer. For any such n, we select another integer m such 
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that £q2 m < s\ 2 n We consider a new test function u> given by: 


UJ (x, V ) = < 


2 n C(U 
£ 0 X v 
C(v) 


if 0 < x - XQ < So 2~ 


^ if s 0 2~ m <x-x 0 < 

^- 1 - (ei2 _Tl — x) if ei2 _n_1 < x — xq < £i2 ~ 
0 otherwise 


Using (19.1) we obtain: 


2 m r 

£0 J L* x(xo,a;o+£o2 _ 


I) £i 


X(io+£l2 n 1 ,xo+ei2 n ) 


ifC > -Ce x T 


for some constant C independent of n, m. Taking the limit n —> oo we obtain I'o > . 

Reversing the role of £o, £i we would obtain l\ > £o and the independence of the limit on the 
choice of £o follows. 

Notice that the functional which assigns the function £ to the limit 


2 n ,■ 

lim — / 

n-xoo e 0 ii,x(io,ieo+2-"£o) 


can be extended to linear functional in L 1 ( p,R ) for any 0 < p < R < oo. Since the dual 
of L 1 (p,R) is L°° (p,R) we obtain the representation formula {p,cv) = J L p~^^uds. The 
proof of (19.6) is similar. 


Suppose now that L* C Y is a horizontal line and u> £ T (Y). Suppose that v = vq in L*. 
We denote as £ = £ (x) the restriction of u to the line L* The continuity of uj implies that 


(19.2) is equivalent to: 


lim / £(pds = i L (ip, w) 
£^o+ J L 


where distn (L, L*) = s. We can assume, arguing as in the case of vertical lines, that £ > 0. 
We label the lines L by means of the value of v on them, i.e L = L{y). We can define a 
function v —> (v) = f L ^ (ipds. We then consider a test function uj (x, v) = £ (x) fd (v) for 
some smooth fd > 0. Inequality (19.1) with ip = u ; yields: 


J (v) fd vv dv < C J fddv 

where the constant C depends on £ and its derivatives and ip. This implies that the function 
<J> — Cv 2 is concave and the limit lim,,^^ 0 (v) exists. This limit dehnes a linear functional in 

the set of functions £ which can be continuou sly ex tended to L 1 (L*) due to the boundedness 
of p. Therefore ^ (p,ui) = f L p^^uids and (19.2) follows. 


Moreover, the concavity of $ — Cv 2 implies that (v) exists except at a countable set. 
Then lim £ _ >0 + j JJ 0+e (v) dv exists and we have: 


<f>' (v) = fd v ( v ) / £ (x) pds + fd(v) £ (x) tp v ds a.e. v £ (v 0 - £, v 0 + e) 

J L( v) JL(v) 

where we use the fact that f L ^ £ ( x ) f ( x > v ) ds = j T £ (x) (3 (v) p (x, v ) ds for a fixed interval 
/ for each v. Using (19.2) we obtain the existence of the limit on the left-hand side of (19.3). 


This gives (19.3). The proof of (19.4) is similar. The existence of the measures Q L * is a 
consequence ot the Riesz representation Theorem. 

The proof of the results for subsolutions can be obtained in a similar way with minor 
changes. □ 
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Remark 19.4. We will denote the function pi, t in the case (i) as the trace of p in the hor¬ 
izontal line L *. We will denote the functions <P~l ,<P~£ in the case (ii) as the right-side trace 
and left-side traces of <p respectively. Given a domain E we will use also the terminology ’’in¬ 
terior traces” to denote the trace from the domain E. We will denote the functions Q\ , Qj 
as the right-side trace and left-side traces of d v p respectively. 


We remark that Proposition |19.3| allows us to obtain a suitable definition of boundary data 
for arbitrary supersolutions of C (•) + k in the sense of Definition 19.2 defined in an admissible 
domain E. 


Definition 19.5. Suppose that E is one admissible domain in the sense of Definition 12.1 
and p is a supersolution of L (-) + k in the sense of Definition 19.2. The admissible boundary 
d a Z consists in the union of some horizontal and vertical segments contained in Y. The 
function p G L°° (<9 a E) obtained patching the horizontal and vertical traces will be termed the 
boundary value of p in d a E. 


We will use the following notation. Given any open set Z C {(x, v) : x > 0, 


v G 


Z + = {(x, v) G Z : v > —x} 

(19.8) Z~ = {(x, v) G Z : v < x} 

We will denote as Z± one of the sets Z+ or Z~. Given that one of the main ideas used 
later is an adaptation of the classical Perron’s method for harmonic functions, we need to 
prove that the maximum of subsolutions is a subsolution. Since the subsolutions considered 
here might have discontinuities, this requires to understand the traces of functions that are 
obtained by means of maxima of subsolutions. This will be achieved in the following Lemmas. 

The following technical Lemma yields a general property of L°° functions with traces. 
They are not required to be sub or supersolutions. 


Lemma 19.6. Suppose that pi,p 2 are respectively two functions in L°° defined respectively 
in the open sets W±, with n n {x = 0} ^ 0. Let us assume that the boundary 
values of p\ , p 2 , max {pi, P 2 } at Y\lf n W^ 1 n {x = 0} can be defined in the sense of traces, 
i.e. there exist functions pf,p±, (maxj^i, P 2 }) ± £ L°° (W^ n n {x = 0}) such that 


(19.9) lim 1 [ p k ( 

e^o+ e J [w 1 ± nw 2 ± n{i=o}] x (0,e) 

(19.1Q)m - j max {p\, P 2 } C 

e_s>0+ £ i[w 1 ± nw 2 ± n{i=o}]x(o,£) 

for any function C £ L] oc (Wf n n {x = 0}). 


> k = l , 2 


w 1 ± nw 2 ± n{i=o} 


(max{(^i, P2}) ± C 


1 wt nw^ n{ x=o} 


Then: 


(19.11) 


(max{^i,</? 2 }) ± > max {, <^2 } 


Remark 19.7. Due to the nonlinearity of the operator max (•), we cannot hope to replace 
the sign > by = in (19.11), because the convergence in (19.9) is only a weak convergence. 
Indeed, if we define the functions p\ (x, v) = sgn (cos (2 n u)) for 2~ n ~ 1 < x < 2~ n and P 2 = 0 
and we denote as (-) + the traces at x = 0, we have pf = p£ = 0, but (max {p\, P 2 }) + = \- 


Remark 19.8. Proposition 19.3 implies (19.9) for sub and supersolutions for any function 
C G L 1 ((±p, ±R) n fl Wf) and k = 1,2 and 0 < p < R < 00 arbitrary. 


Proof. Our goal is to show that lin Wo+ \ Jj w ± nw ± n{3;=0} ] x(0j£) max {p 1 ,p 2 }C> / w ± n w 2 ± n{x=o} max {ViM} 
for any test function £ > 0. In order to simplify the argument we define F = pi — P 2 - Then 
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( |19.9 ) becomes: 
(19.12) 


lim - 

£—>■ 0 + £ 


' [W^nW^ n{®= 0 }] x ( 0 ,e) 


F C = 


lv\>fc\Wfn{x=o} 


F ± C 


lim - 

£-> 0 + £ , 


max 


/wfnw 2 ± n{x=o} 


{F ± , 0 }C 


for any £ G L 1 ((=t p, ±R) n Wf fl n {x = 0}) , 0 < p < R < oo with F ± G L°° (v ^ 0). 
We then need to prove: 

/ max {F, 0} £ > / 

' [wj t nw^ t n{a:=o}] x (0 ,e) Jw 

or equivalently max {F±, 0} < (max {F, 0})^ . To this end we argue as follows. We will restrict 
all the analysis to arbitrary compact sets of {u ^ 0}, say [±p, ±R] , with 0 < p < R < oo, 
although this restriction will not be made explicit in the formulas for simplicity. Then, using 
(I9T2|): 


/Wp nw 2 n{a:= 0 } 


F ± c 


< 


lim - 

£-> 0 + £ , 

lim - 

£—>■ 0 + £ , 


[w 1 ± nw 2 ± n{i=o}] x (o,e) 


F C 


[Wj t nvv^ t n{x=o}] x (o,£) 

(max {F. 0}) ± £ 


max {F. 0} £ 


and similarly: 

0 < lim - 
e->0+ £ 


'Wj nw 2 n{x=o} 


max{F, 0} £ = 


1 [w 1 ± nvy 2 ± n{i=o}] x (o,e) Jw 1 ± nw 2 ± n{i=o} 

for any test function £ > 0 , whence (max {F, O}) 1 * 1 > max 0} . Then 

(max {<^i — ip2, 0}) ± > max {92^ — tp±, 0} . 

Therefore 

(max{</?i, (p 2 }) =t = (^2 + max{^i - </?2,0}) ± 

= + (max{921 - ^2,0}) ± 

> +max{^ - ¥>f,0} = max <^} 

whence the result follows. 


(max{F, 0}) £ 


□ 


In order to prove that th e maxi mum of subsolutions is a subsolution we need to be able 
to replace the inequality in (19.11) by an equality sign in the case of the trace operator (•)” 
defined in the domains VV^. It turns out that this is possible for the subsolutions defined 
in Definition 23.8 The key point is the fact that it is possible to derive some regularity 
estimates for subsolutions of ( |23. 11 ), (23.12). More precisely, the following Lemma shows 
that for domains contained in {v < 0} the traces in some vertical lines can be defined not 
just in the weak topology but in L l . 


Lemma 19.9. Suppose that S is an admissible domain as in Definition 12.1 with S C 
{v < 0} . Suppose that ip G L°° (E) satisfies in the sense of if distributions: 

(19.13) Cf = v — F 

where u >0 is a Radon measure in S and F G L°° (S). We assume that v < 00 . Suppose 
that the admissible boundary of E is: 

daF = ({aq} x [~/3, -a]) U ({-/?} x [xi,x 2 ]) U ({-a} x [aq, x 2 \) 
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for some 0 < a < ft, 0 < aq < aq. Then, it is possible to define ip (aq , ■) in the sense of trace 
as in Proposition 19.3\ and we have: 

(19.14) <p (x, •)—> <p (x i,-) as x —> (aq) + in L 1 (—(5, — a) 

Proof. Equation ( 19. 13| ) is a forward parabolic equation for increasing x, due to the fact that 
v is negative. Moreover, the variable = vcp satisfies a parabolic equation with the form of 
conservation law, more precisely we have: 

d x fi> + d't I — ) = -F + v 


(19.15) 

where F is bounded and /( a . 1 X i+6 n )xK v {dxdv) < Co. Let us denote as G (v,w,x,y) the 
fundamental solution associated to the left-hand side of (19.15) in the domain (aq, aq + 5q) x 
K, where K = [—/3, — a] Notice that the function is well defined in (aq, aq + <5o) x 9K and 
in {aq} x K in the sense of traces due to Proposition 19.3 We can derive a representation 
formula for ( I> using the fundamental solution G (cf. [18]): 

(19.16) <h(x,w)= / G (v, w, x, y) <3? (y, w) + / G (v,w,x,y)[-F + u\ 

J d a ((xi,x)xK) J (xi,x)xK 


Due to the boundedness of 4>, it is enough to prove that ip (x, •)—>■(/? (xi, •) as x — > (.ti) + 
in L 1 (A") for any K CC K. The convergence of the first term on the right-hand side of 
( |19.16[ ) follows from classical results for parabolic equations, as well as the convergence of 
L x \ x k G w > v) F zero as x -A (aq) + . It only remains to prove the convergence of 

f (x| xl+ $ 0 ) xK G ( v , w, x, y) v (w, y ) to zero as x — > (xi) + . The contribution to the trace of this 
term is given by the limit of: 

(19.17) j dx j dy j dwv{w,y) J dvG(v,w,x,y ) 

^ J (xi ,xi+e] J (x i,x] Jk jK 

0 + . Using Fubini’s Theorem it is possible to rewrite this integral as: 


as e 


1 


/ dy / d.wu (w, y) - dx 

(xi,xi+e] JK ^ J(y,x i+e] 


dvG [v, w, x, y) 


I< 


(19.18) 

Standard regularity properties for Radon measures yield 

(19.19) / dy dwv (w, y) —> 0 as e —> 0 + 

J (x i,xi-)-e] J K 

whence the integral in ( |19. 18 ) converges to zero as e —> 0 due to the boundedness of 
dvG (v,w,x,y). Moreover, using the representation formula (19.16) with K replaced by 
K as well as the fact that f G (v, w, x, y) dv is u niforml y bounded for x, y G (aq, aq + e) and 
w E K we then obtain, taking into account also (19.19) that 


dv / _G(v,w,x,y)F 
Ik J(xi,x)xK 


and 


dv G (v, w, x, y) v (w, y) 

Jk J(xi,x)xk 

Then the result follows. 


0 as x —y x 


l 


□ 


Lemma 19.10. Suppose that <pi,<p 2 with <pk £ T°° (VV fc ) , k = 1,2 are two subsolutions of 
(23.11), (23.12) in the sense of Definition 23.8. where the domains W±, W 2 satisfy Wfi D 
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W 2 n {x = 0} / 0. Then the boundary values of ipi, ip 2 defined in W l n W 2 n {x = 0} in 
the sense of traces by means of Proposition \ 19.3 satisfy: 


(19.20) 


(max { 991 , 992 }) + = max { 99 ^, 99 ^} a.e.inW 1 n W 2 n {x = 0 } 


Proof. The inequality (23.16) implies that there exists a measure v e M.+ (Wi flW^) such 
that: 

99 - \C (ip) - g = -u 


19.9 


(19.21) 

Due to Lemma 

{x = 0} , k = 1,2. Then max { 991 , ^ 2 } 
convergence Theorem. Using the de finition of Traces (see Remark 19.4) it then follows that 
(max{ 991 , 992 }) + is well defined and (19.20) holds. □ 


we obtain 99*, -A (9 0k) + as x — > 0 + in L 1 (K) for K c W 1 H W 2 H 
max {99^, 99^"} in L 1 (iL) due to Lebesgue dominated 


We will use also the following continuity result for the traces. 

Lemma 19.11. Suppose that we have a sequence of bounded functions { 9 o n } satisfying 
—£tp n = p n + 9n where g n G C (S), the functions g n are uniformly bounded and p n > 0 
are Radon measures. We assume that E is an admissible domain . Suppose also that the 
sequence {9 9 n } converges to 99 in the weak topology and p n —> 0 also in the weak topology. 
Suppose that T is a curve made of horizontal and vertical lines contained in E. Then, given 
any test function £ C°° (E), the following convergence property holds for the traces of 9 o n 
and its derivatives at the curve T 


L 


as n 


r 

00. 


(■ n v ifd v ip n — n v d v fiip n + vip n ijm x ) ds -> / (n v ifd v tp — n v d v finp + v(pifn x ) ds 


Remark 19.12. The traces of the functions ip n can be defined at any side of the boundary 

T. 

Proof. We can first substract from the functions <p n the solutions of the equations —£(p n = gn 
with zero boundary conditions in the admissible boundary of E. These solutions are uniformly 
bounded and smooth at the curve T and then, the corresponding traces have the desired 
convergence properties. We can then assume without loss of generality that —£ip n = Pn- 
Given any other curve T with dimensions comparable to T such that T U T = <9E for some 
admissible domain E we can estimate the difference between the fluxes on T and T integrating 
by parts and using the equation —C<p n = p n . The contribution due to p n tends to zero, due to 
the weak convergence of the measures. Some of the integrals f r [■ ■ •] ds contain integrations 
of the functions ip n . The integrals of ip n v and related functions can be represented by means 
of the integrals in horizontal and vertical lines using Fubini. In particular, it is possible to 
approximate the integral f r [• ■ ■] ds by similar integrals in other contours T due to the weak 
convergence of the functions p n as well as the fact that the difference of values between 
these integrals converges to zero as n —> 00, because these differences are proportional to the 
integrals of p n on two-dimensional domains which converge to zero by assumption as n —> 00. 
In order to conclude the argument we need to obtain suitable convergences for the integrals 
containing the derivatives d v <p n . This regularity follows from the hypoellipticity properties 
in Theorem 12.4 The same argument above, which allows to transform convergences in 


two-dimensional domains into convergences for f r [• ■ ■] ds using the fact that the difference 
between these integrals converges to zero, gives the result. □ 
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20. WELL-POSEDNESS OF THE DlRICHLET PROBLEM IN ADMISSIBLE DOMAINS AND SOME 

REPRESENTATION FORMULAS. 

We now prove the solvability of the Dirichlet problem: 

(20.1) (ip — \Cp) = g in E , ip G C (E), ip (0, rv) = tp (0, — v) ,v > 0, (0,d)£s 

(20.2) <p = h on <9 a E 

where A > 0, S is any of the admissible domains given in Definition 12. 1| <9 a E is the cor¬ 


responding admissible boundary and h G L°° (d a E). Notice that, if S n {x = 0} = 0 the 
condition on the boundary values (0, v) G S is empty. We will derive a representation for¬ 
mula for the solutions of (20.1), (20.2) by means of the stochastic process associated to the 


operator C. To this end, we first introduce some notation for the solutions of some stochastic 
differential equations. We will write in the following £ = ( X , V) for brevity. 

Definition 20.1. We will denote as £< = (X, V) the unique strong solution of the Stochastic 
Differential Equation: 

(20.3) d£ = d ( v ) = ( o ) dt + ^ ( dB t 

where Bt is the Brownian motion. We will denote as Pl x,v ), the probability and the 


mean value associated to the solution of (20.3) with initial value £ (0) = (X,V) (0) = (x,v 


The existence of the stochastic process £ in Definition 20. 1| is a standard consequence of 
the theory of Stochastic Differential Equations (cf. [3B]). Given an admissible domain S as 
in Definition 12.1, we will denote as r (S) the stopping time associated to the process £ in 
Definition 120. II defined as: 


(20.4) 


r (E) = inf {t > 0 : £ (f) £ E} 


We will prove the following result: 

Proposition 20.2. Suppose that g G C (E) , E is one of the admissible domains in Definition 
12.1 and h 6 L°° (<9 a E) where <9 a E is the corresponding admissible boundary of E. Then, there 
exists a unique solution of the problem \20.1\ ), (20.2) where the boundary condition (20.2) is 
achieved in the sense of trace defined in Remark 19.4 Moreover, the solution is given by the 
following representation formula: 


(20.5) p(x,v) = (e-^/r (e^)) + 



x 9 


(< 


(x,v) 


dt 


where t (E) is as in (20. f) 


Proof. The representation formula (20.5) is standard in the Theory of Diffusion Processes. 
It might be found, for instance in m , Theorem 5.1. We assume that h has been extended 


as zero at the set <9S\9 a E. Notice that the stochastic differential equation (20.3) implies 


that ^|£^pj ) € <9E\9 a E = 0. Indeed, this follows from the continuity of the paths 

associated to the process £t as well as the fact that (20.3) implies that with probability one 
X (•) is differentiable and X' (t) < 0 if V (t) > 0 and X' (t) > 0 if V (t) < 0. Notice that in 
order to obtain (20.2) in the sense of traces it is enough to p rove t hat the boundary values 
are taken in the L 1 sense. On the other hand, the formula (20.5) yields a solution of the 


boundary value problem (20.1), (20.2) for h G C (<9 a E). Therefore, the fact that (20.5) yields 
the solution of (20.1), (20.2) in the sense of traces follows from the density of the continuous 


functions in L°° (<9 a E) using the norm L 1 (3 a H) 
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Uniqueness of solutions follows from the maximum principle. Indeed, the difference of 
two solutions of (20.1), (20.2) satisfies ip — A Cp = 0 in S, p = 0 on d a E. Using classical 
regularity theory for parabolic equations we can prove that <p E C°° at all the points of the 
boundary of S, except at the singular points (i.e. the points of the boundary where v = 0, 
namely 9En{w = 0}) and at the points of the boundary of dE where the boundary is not C°° 
(i.e. the corner-like points of dE). Notice that if = e^p is a bounded solution of ift = Cif 
satisfying if = D on d a E. We can then argue exactly as in the proof of Lemma 3.13 of |31| 
to show that for any e > 0 we have \if\ < e in a small neighbourhood of the singular points 
<9E n {u = 0} and 0 < t < 1. Similarly, classical regularity theory for parabolic equations 
yields also the inequality \if\ < e in a neighbourhood small enough of the corner-like points of 
dE. Therefore |y?| < e in a neighbourhood of the singular point and the corner like points of 
dE. Using the regularity properties of the function p it turns out that we apply the classical 
argument yielding the maximum principle (including a regularizing factor ±5v 2 ± 5x with 
5 > 0 small if the derivatives do not satisfy strict inequalities at the points where they reach 
maximum or minimum values. It then follows that \p\ is bounded by its values in d a E or at 
the neighbourhoods indicated above of the singular point or the corner-like points. Since we 
have p = 0 on d a E it then follows that \p\ < e in E. Since e is arbitrarily small it then follows 
that p = 0 and the uniqueness of ( 20 . 1 ), ( 20 . 2 ) follows. □ 


Remark 20.3. In the case of admissible domains contained in one of the half-planes {u > 0} 
or {u < 0} we can prove existence and uniqueness of solutions using the classical theory of 
parabolic equations. 


We will use a similar representation formula to the one obtained in Proposition 20.2 for 


the adjoint problem if — A C* (if) = g. Notice that in the case of the adjoint problem the 
admissible boundary of the domains E is not <9*E but the adjoint admissible boundary d*E 
defined in Definition 112.11 


Lemma 20.4. Suppose 

( 20 . 6 ) 


c p — A L (ip) = v in E , ip = 0 on d a E, 


where A > 0, S is any of the admissible domains given in Definition 12.1, d a E is the corre¬ 


sponding admissible boundary and u > 0 is a Radon measure, and satisfies f s is > 0 for some 

HE 
4 


compact set S C E, with dist (S , dE) > where d (E) is defined as 


(20.7) 

d (S) = min {dist (L\, L 2 ) : Li,L 2 are parallel lines and E is contained between them} 

Then there exists a constant C* > 0, depending only on diam (E), d (E), and max( x „) eS \v\ 
such that: 

p > C* / v > 0 . 

Js 

in the set D = | (x, v) E E : dist ((x, v ), d a E) > j . 

Remark 20.5. Notice that we assume dist(S,d S) > where dE is the whole topological 
boundary of E and we obtain estimates for p in the set D, which is separated from the 

m 

4 


admissible boundary of E at least the distance 


Proof. We prove the result by duality. To this end we define a test function if by means of 
the solution of the problem: 


(20.8) 


V’ — A C* (if) = ( in E , if = 0 on 9* 
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where £ E C°°, £ = 0 if (x,v) ^ 3\D, 0 < ( < 1, ( = 1 in an admissible domain D C 5 
with dist (i?,9 a S) = 3d jH and D CC D. We can obtain a representation formula for ip 


analogous to (20.5) in which we just replace the stochastic process £* = ( X , V) by one solving 
the Stochastic Differential Equation: 

?Mo)^U 

Notice that in this case we have ^|E <95\9*5 j j = 0. Therefore, since ip = 0 
at 9*5 we have: 


= d 


(20.9) 


ip(x,v) = 

A 



'*c($ 


(x,v) 


dt 


On the other hand, if we denote by xs the characteristic function of S and we define p as 
the unique solution of: 

(20.10) p — \C (p) = vxs in 5 , p = 0 on 

Existence of solutions of this problem can be obtained approximating the nonnegative 
measure v by a sequence of C°° functions v n such that v n u as n —» oc. We denote the 


corresponding solutions of (20.10) with source term v n XS ns ip n . We have ip n > 0, ip n is a C° 


function at the interior of the domain EXS 1 . Integrating the corresponding equations (20.10) 
in S we obtain: 

(20.11) / ip n dxdv = / v n dxdv + A / d n (p n ds + A / v(p n n x ds 

Je. Js Jdp=- Jd v E\d a H 

where we denote as <XX, d v z, the horizontal and vertical parts of the boundary of E respec¬ 
tively. 

We remark that deriving this formula we need some careful estimates near the singular 
points. More precisely, the results of m imply that the functions p> n are Holder continuous. 
A rescaling argument analogous to the one used in m implies an estimate with the form: 


( 20 . 12 ) 


i 

\<Pn\ + ( \x ~ Xq\ + |u| 3 ) 3 \d v <p n \ < C (\x - X 0 \ + \v 


for some a > 0, where (xo, 0) is one of the singular points. In order to compute p n dxdv we 
then approximate the integrals by domains with the form f- ^ _ (p n dxdv , where the domains 
7X are just translated or reflected versions of the domains 7(cf. (4.27)) and they are 
choosen in order to exclude the integral near the singular points. Using Gauss’s Theorem 
we obtain boundary terms with the form J d ^ [n v d v <p n + n x vip n ] ds which converge to zero as 
5 —> 0 due to (20.12). On the other hand d n <p n < 0 on <9/jS, and the definition of <9 a H implies 


also that vp> n n x < 0 on 9„E\3 a S. Therefore, (20.11) yields: 


J p n dxdv < J v n dxdv 

A standard compactness argument then yields that, for a suitable subsequence <p n 


V 

where (p is a weak solution of (20.10). Moreover, (p is smooth in a neighbourhood of 95, 
except near the singular points where we have that (p is Holder due to the results of 
Multiplying (20.10) by ip we obtain, using again Gauss’s Theorem: 


J (ip — XC* ip) ip = j vip 

where we use the fact that the contribution near the singular points is zero due to the 


holderianity of ip, p and arguing as in the derivation of (20.11). Using (20.8) we obtain 
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£</? = f s vi/j, whence f D y> > f s vip. On the other hand, we can estimate a lower estimate 
of -0 using (20.9). Indeed, we have: 

(20.13) P^ (G D, for T C [0,1] , t G T, r (3) > l}) > fa > 0 , (x, v) G 5 

This inequality can be proved as follows. Suppose that we denote as G (x, v, t ) the solution 
of the problem: 


(20.14) 

(20.15) 

Then: 


d t G + vdxG = Gyy for t > 0 , (x, v) G 
(jr (x, X, 0) ^(x,v) 


G = 0 on <9*3 


p(** w ) ({e^ g a, ^ v) 


G S for t G [0,f*]|^ = J G (x, v, t*) dxdv 


for any measurable 4 C H and t* > 0. The solvability of (20.14), (20.15) can be proved with 
some suitable modification of the proof in of the existence of solutions for the Kolmogorov 
equation in bounded domains with absorbing boundary conditions, or, alternatively, adapting 
the representation formula (20.9) to this case. 


We can obtain a subsolution for (20.14), (20.15) as follows. Suppose that we denote the 
fundamental solution of the Kolmogorov operator in the plane as Q (x, v, t ). We then obtain 
a family of subsolutions for (20.14), ( 20. 15| ) as 

G- (x, v. t: M ) = max {Q (x, v, t ) — M, 0} , for any M > 0 

if 0 < t < t\ for a suitable G > 0. More precisely, we will choose M and i\ as follows. We 
fix t\ > 0 arbitrarily small. We then choose M > 0 small enough to obtain Q (x,v,t) < M 
in dE for 0 < t < t\. Notice that, since the distance between (x,v) and dE is positive and 


fixed and Q (x, v, t) = Q exp ( — 






41 


, we have that, if we assume that t\ 


is sufficiently small, there exists a ball B p (x,v) C E such that G_ (x,v,ti; M ) > 8m > 0 if 
(x, v) G B p (x, v) . Moreover, the ball can be chosen independent of i\ (even if i\ is arbitrarily 
small), reducing the value of M, 8m if needed. We can construct now a new subsolution with 
the form AiG_ (x, v,t + t\) M\) with Ai > 0, M\ > 0 and satisfying AiG_ (x, v,t + t\\ M\) < 
G- (x, v, ti; M) in a suitable ball B pi (xi, fi) C E with (xi, ui) closer to the set D than (x, v). 
Iterating the argument, and using the fact that the size of the balls where the subsolutions 
are positive can be chosen independent on the times t\, fa, ... we obtain that there exists fa G 
[0, |] and a ball B p C D > 0 such that G(x,v,fa) > 5 > 0. Therefore P G > 

8 > 0. We can now estimate P ^ G D for t G [fa, fa + £o]| ^ f° r some e 0 > 0. 

To this end we define a function G (x, v, t) solving: 


(20.16) 

dtG + vdxG = 

Gyv for t > 0 , 

(x, »)gS 

, (5 = 0 on <9*Z) 

(20.17) 

II 

* 

-+o 

IP 

1 

|R I XB P 
\ n p\ 



Therefore P 

G T) for f G [fa, fa + £q]} 

(t v> e b p) 

= G (x, v, fa + £q) ■ Using sub 


solutions with the form G- (x, v, t; M) it then follows that 


(j^) G D for t G [fa, fa + 


(x,v) 


G B p ) > 0 > 0 


Then (20.13) follows. 
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Then if(x,v) > ^-^b* for ( x,v ) £ 5. Therefore f D p > c* J s v. Finally the pointwise 
estimate p > c* f s v in the domain D C C D follows from Harnack inequality for Kolmogorov 
operators (cf. for instance the results in [13], [36]). □ 


20.1. Comparison Theorems. We will use the following version of the weak Maximum 
Principle. 


Proposition 20.6. Suppose that S is one of the admissible domains in Definition \12.1\ and 
that p 6 L£° (E) is a supersolution for the operator £(■) + n for some k > 0. Suppose also 
that p > 0 in d a E, where p is defined in d a E in the sense of Definition 19.5 

Then, we have p (,r, v) > 0 for a.e. (x, v ) £ S. Moreover, there exists C* = C* (E), such 
that 

p(x,v) > C*k for any (x,v ) £ D 

where d (E) is as in (20.1) and D = j (x, v) : dist ((x, v ), d a E ) > | 


Moreover, the constant C* can be chosen uniformly for sets 5 contained in a compact set 
of [0, oo) x (—oo, oo) and have 0 < ci < d (E) < C2 < oo, 0 < ci < diam (E) < C2 < oo. 

Proof. The proof can be made along the same lines as the proof of Lemma [20.4[ The problem 
is linear in n. Then, we can assume that k = 1. We then assume that p G (E) is a 
supersolution for the operator £(•) + 1 . We consider any test function C ^ 0, C £ C°° 
supported in the set D. We then define if as the solution of — C* (if) = £ in S, if = 0 on <9*E. 
We have the representation formula: 


if (x, v ) = (V (e^) dtj + 



(x, v) G E 


with as in the Proof of Lemma 20.4 Since the trajectories of the process ^ x,v ^ leave 

the domain across <9*E we obtain the first term vanishes. Therefore: 


if(x,v)= E( x ’ v > 



(x,v) 


dt > 0 


Using if as a test function in the definition of supersolution in Definition 19.2 we obtain 
(if) p > f if , whence f <fp > fif. We now claim that f if > c* f (. To this end we first 
notice that 

i,(x ,„)>E ( *'” ) (w..>[' 

where is the set of realizations of the Markov process satisfying r (E) > 1 and 


dt 


U 


( x,v ) 


is the characteristic function of such a set. Then: 


if(x,v)> /V’”) (l^C^))* 
J 0 

Notice that we can then obtain the lower estimate 

E(^) (lA^ v) C (& >v) )) >G(x,v,t),0<t 
and where G is the solution of the problem: 


< 1 


dtG + vdxG = Gvv for t > 0 , (x,v) G S , G = 0 on d*E 
G(x,v, 0) = C(x,v) 

Using then that ( is supported in D we can argue as in the Proof of Lemma |20.4[ using 
suitable subsolutions for the fundamental solution of the problem above to obtain -*/> ( x , v) > 
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G (x, v, 0) > Co / (. Then f (<p > c* f ( and since ( is arbitrary it follows that cp > c*. Using 
the linearity of the problem the result would follow. □ 

We will need also the following version of the strong maximum principle. 

Proposition 20.7. (Strong maximum principle) Suppose that E is one admissible domain 
in the sense of D efinit ion 12.1. Let 4> E C (E), 4> > 0 and and let £4> = 0 on 4> E C (E) 
with 4> satisfying (11.1) if En{(x,x) = (0,x), 0. Suppose that there exists a point 

(x, v) E E\<9 a E such that $ (x, v) = 0. Then 4> = 0. 

In order to prove Proposition 20. 7| we will use the following Lemma. 

Lemma 20.8. Let the function G(v,x) E C ([1,2] X [0,oo)) satisfy the equation 

vG x = G vv , 1 < v < 2, x > 0, 

G(v,0) > 1 for 7/4<v <2. 

G(7/4, x) > 0 for x > 0 

Then there exists (3 > 0 not depending on G, such that G(v,x) > (3 > 0 for 5/4 < v < 

7/4, 1 < x < 2. 

Proof. We prove this lemma by constructing a sub-solution G. Let G (v , x) = e~ 9x sin (47T (v — 7/4)) 
Then for 7/4<n<2,Gisa sub-solution of G if we choose 6 > 0 in such a way that 
9 > 64-7t 2 /7. Since G(v,0) > 1 > G(?;,0), for 7/4 < v < 2 and G(v,x) > 0 = G(v,x) at 
v = 7/4, 2 for all x > 0. Thus we have G (■ v , x) > G (v, x) for 7/4 < v < 2. Let Q = [1, 2] x [0,1] 
and Q = [5/4, 7/4] x [1, 2], then we get 

sup G (v, x) > e~ 6 > 0. 

Q 

We then apply the classical Harnack inequality for parabolic equations (cf. for instance 
to obtain 

inf G ( v , x) > C sup G (■ v , x) > Ce~ e = (3 > 0. 


Q 

This completes the proof. 


Q 


□ 


Proof of Proposition 20.7. We prove by contradiction that if there exists a point at which 
is positive, then is positive everywhere. This implies the Proposition. Suppose that there 
exists (x*,v*) E [0, oo) x (—00,00) \ (0,0) with 4>(x ,| ',n*) > 0. £4> = 0 reads 

(20.18) - v <S> x = q> vv 

We may assume that v* > 0 since the cases v* < 0 can be treated similarly and if v* = 
0,then we can find v** > 0 such that 4? (x*, v**) > 0 due to the continuity of 4?. Our goal is 
to that 4> (x, v) > 0 for all (x, v ) E [0, 00) X (—00,00) \ (0,0). 

First we prove the positivity of 4> for 0 < x < x*, v > 0. The equation (20.18) is a parabolic 
equation for v > p > 0, p arbitrary and thus 4> (x,v) > 0 for 0 < x < x*, v > 0 due to the 
strong maximum principle for non-degenerate parabolic equations (cf. [18]). 

Next we prove the positivity for 0 < x < x*,v = 0. We rescale as follows. For x E 
[xo, xo + 2~ n ] , v E [2 - ( n+ T/ 3 , 2( 2 ~ n )/ 3 ], define for some xo E (0, x*), 

x = -2 (n+1 ) [x - (x 0 + 2~ n )] , v = 2^ n+1 ^ 3 v, 

'7, 


G n (v, x) = ^ V ^ , M n = inf 4> (x 0 + 2 n , v ) , I n = 

vein 


M n 

Then the following holds 


L 2 -(n+l)/3 2 . 2 -( n + 1 )/ 3 


vdxGn = d%G n , x E [0,2] , v E [1, 2], 
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G n ( V , 0) > 1 for 7/4 <v< 2. 

If we let J n = [|2 _ ( n+1 )/ 3 , |2 _ ( n+1 )/ 3 ] , then I n+ \ C J n for each n. We now apply Lemma 


20.8 to get 


G n (v, x) > (3 > 0, for v G [5/4, 7/5] , x G [1, 2], 

or equivalently, 

(20.19) &(x,v)>/3M n , for (x,v) € 

In particular, at x = 1, 

$(x 0 + 2-( n+1 ),u) 


x 0 ,x 0 


_l_ 2 ~( n+1 ) 


x 


M n 


> (3, for v G J n - 


Thus we get, since I n + i C J ra , 

M n+1 = inf 4> fx 0 + 2-( n+1 \ u) > [3M n , 

V£l n +1 V / 

which yields 


M n > Cf3 n , 0 < /3 < 1 


Then from (20.19), we have for each n, 

(20.20) <&{xq,v) > Cf3 n+1 , for v G J n +i- 


Now we can rewrite (20.20) as 

31og(/3) 

$(®o,«) > Cr +1 = Cexp^-^^(n + l)) 

> Cv 1 , 7 = _ 21og ( ^ >o, for 0 < v < 2 . 
log ( 2 ) 

Now let 0 < x < x*, then the argument above yields, for xq G (x,x + 5) with 6 > 0 small, 

$ (xo, v ) > CV 7 , for 7 > 0. 

We first construct a sub-solution G (v,x) = (xy /3 ff(-^) satisfying 

(20.21) vG x = G Wh G(v, 0) = (u) 7 
where H (£), £ = ^73 satisfy: 

(20.22) = H (0) = 0, (0) > 0, H (£) ~ £ 7 , as £ 00 . 


The existence of a solution H of the differential equation in (20.22) with H (0) = 0, H £ (0) = 1 
follows from standard ODE theory. Then we can show that 7/t (£) > 0, for all £ > 0, because 
otherwise, let £* be the first value where (£*) = 0, then H (£*) > 0 and (£*) = 
i£*#(£*) > 0, which leads to a contradiction. The asymptotic behaviors of the solutions of 
the differential equation in (20.22) can be computed using the results in Chapter 13 of [T], 
whence: 

H (£) ~ C£ 7 , £ —> 00 with C > 0 

Then G (v, x) = (x ) 7/3 H 


((s)V 3 ) 


satisfies ( 20 . 21 ) and for all x > 0 , 
Gv ( 0 +, x) = (x ) 7/3_1/3 Hz ( 0 ) > 0 . 

















ON THE STRUCTURE OF THE SINGULAR SET FOR THE KINETIC FOKKER-PLANCK EQUATIONS IN DOMAINS WITH BOU 


By a comparison principle and Taylor expansion, there exist constant Co and C\ satisfying, 
for x E [x, x + 5), 

7 ~ 1 

d> (x, v ) > CqG ( v , x — (x + 6)) > Ci (x + 5 — x) :i v, for v small. 


This implies T (x, 0) > 0 for x E [x,x + 5), since otherwise, $ (x, v) < 0 for some v < 0, a 
contradiction. In particular, we obtain (x, 0) > 0 for any 0 < x < x*. Finally, the boundary 
condition ( 11 . 1 ) for <3? and similar arguments applying the forward parabolic equation — v& x = 
v < 0 yield that 4>(x,u) > 0 for all (x,v) 7 ^ (0,0). This contradicts the assumption 
(x, v) = 0 and the result follows. □ 


We will use also comparison arguments in a class of domains whose boundary contains the 
singular point. We define the following class of domains: 

(20.23) A R = j(x, v) : 0 < x < R , — Rs < v < rRa j , R > 0 

as well as the admissible boundary: 

d a A R = (( 0 ,R) x {-R s}) U (( 0 , 1 ?) x {ri?5}) U ({!?} x (o,ri?i)) 

We have the following result. 


Proposition 20.9. Suppose that ip E C (A R ) sat isfies Cp = 0 in Y in the sense of Definition 
1 11. 7| as well as the compatibility condition ( f 11.1 ), p > 0 on d a A R . If r < r c we will assume 
in addition that p (0, 0) = 0. Then p > 0 in A R . 


Proof. We can apply the comparison result Proposition 20.6 in the domain A R \TZ§. Applying 


then Proposition 20.6 to the function i) + £we obtain p > —e in A R \7Z$. Taking the limit 
e —> 0 and 5 —> 0 we obtain the result. □ 


21. Asymptotic behaviour of the solutions of some PDEs near the singular 

point. 

In several of the arguments we will need detailed information about the asymptotics of the 
solutions of the problem Cp = h, where p, h E C (A) and Cp is as in Definition 11.7 We 
now prove several results which will be used later in order to derive such information. 

Lemma 21.1. Suppose that 0 < r < 1. There exists a function S E C 2 (U)C\C (11) such that 

(21.1) CS = 1 inU 

(21.2) 5(0, —v) = S (0,rv) for all v > 0 

(21.3) 


5 = O (xs + |u| 2 ^ as (x,v) 


0 


x 


1/3' 


Moreover, if r = 1 we have S (x,v) = If r < 1, the function S (x,v) takes positive and 
negative values in M + x M. 

Proof. We look for 5 of the following form 

(21.4) S = x 2/3 Q( 

Since d x S = 
yields: 

(21.5) 

This equation has an explicit solution: 


lx V 3 Q — \vx 2 ‘ 3 Q' and d vv S = Q", d 2 S + vd x S = 1, the equation ( 21 . 1 ) 


Q"-\z 2 Q'+ \zQ = 1 . 
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On the other hand we recall that the homogeneous solution of (21.5) can be obtained by 
means of Rummer functions. We write T (z) = Q ( z) — Q p (z ). Then: 


( 21 . 6 ) 


V - -zH' + -z* = 0 
3 3 


It is readily seen that the solution of (21.6) is given by: 

T , . ..(2 2 z 3 \ TT ( 2 2 z 3 


with ci,C 2 E M. In order to obtain (|21.3|) we must choose ci = 0, in orde r to avoid the 

3 \ 

solves (| 21 . 6 |), it is analytic 

we 


exponential growth of ’ll (z ). We notice that, since U l-• — 


3’ 3’ 9 


in the complex plane z E C. Using Proposition \4.2{ and more precisely Remark 4.6 
obtain: 


S(0,v) = 
S( 0 ,v) = 


\ + C 2 ) v‘ 


2 - 2c 2 ) i/ 


v > 0 
v < 0 


where we use that K 2 = 2 cos ( 7 r) = —2. We then impose the boundary condition 5(0, —v) = 
5(0, rv) for v > 0 (cf. (21.2)), whence: 

j - 2c2 )=G> +c2 ) r2 

( 1 -r 2 ) 

Therefore C 2 = 2 ( 2 +r 2 ) • ^ then follows that 

z 2 (i-r-2) 22 , 


Q{Z) ~Y + 2(2 + ri) 


U ' 3 ’ 3 ’ 9 


2 

Notice that, if r = 1 we obtain Q (z) = If r 7 ^ 1 we obtain, using 13.5.10 in [T] that: 

(l-r- 2 )F(i) 


(21.7) 


Q{ o) = 


2 (2 + r 2 ) r (— I) 


Then Q (0) < 0 if r < 1. On the other hand, using that U (—|, |;£) ~ ^ 3 as £ —> 00 it 


\ + 


( 1 - 2 ) 


follows that Q (z) r 

2(2+r 2 )93 

\z\ and there exists a range of values for which Q (z) < 0 


j ) z 2 as z —> 00 . Therefore Q (z) > 0 for large values of 

□ 


We now prove some Liouville’s type Theorems which will be useful deriving asymptotic 
formulas near the singular point of the solutions of equations like Xip — = g with boundary 

conditions i/j ( 0 , rv) = i/j ( 0 , —v) , v > 0 . 

Theorem 21.2. (i) Let 0 < r < r c . Suppose that ^ is a classical solution of Cip = 0 in 
{x > 0, v E M} satisfying if: (0 ,rv) = if (0, —v ), v > 0 as well as the estimate \ip (x,v)\ < 

C (J:r| + |u| 3 j for some b E (0, /3) U (/3, |] and ( x , v) E {x > 0, »EM}. Then if = 0. 

(ii) There is not any bounded function if defined in M 2 which satisfies also one equation 
with the form Cif = 1, where L is one of the operators in the set 

{D% + vD x , Z) 2 + D x , D 2 — D x | . 
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(in) Let r > r c . Suppose that we have a solution of Cif = 0 in {x > 0, »6R) satisfying 
if(0,rv) = if(0,—v) , v > 0 as well as the estimate \if(x,v)\ < C + |u| 3 ^ with 

0 < b < |. Then ip = 0. 

(iv) Let 0 < r < r c - Suppose that if is a classical solution of Cif = 0 in {x > 0, »6R} 
satisfying if(0,rv) = if(0,—v), v > 0 as well as the estimate \if{x,v)\ < C for (x,v) G 
{x > 0, wGl). Then if = Kq for some Kq G M. 


The proof of Theorem 21.2 will require to prove some previous auxiliary results, which will 
be required in order to deal with the cases (i), (iii). 

We first prove the following result: 


Proposition 21.3. Suppose that (p solves C (<p) = 0 in x > 0, i)£l and satisfies the the 
boundary conditions <p (0, rv) = <p (0, —v) , v > 0. Suppose also that we have the estimates: 

(21.8) \<p(x,v)\ < K + |u| 3 ^ with0<b< in x > 0 , »£l 

(21.9) sup \<p(x,v)\ = 1 

(I*I+H S )=1 

for some K > 1. Then b = fH or b = 0. 


This proposition will be proved with the help of the following result. 

Proposition 21.4. Suppose that <p solves C(ip) = 0 in x > 0, d£R and satisfies the the 
boundary conditions ip (0, rv) = (f (0, —v ), v > 0. Suppose also that <p satisfies 

(21.10) <p (p 3 x, p,v) = p 3b (p (x, v) 

with 0 < b < |. Then, if 0 < r < r c we have that <p = 0 unless b = (3 or b = 0. If r > r c we 
have (p = 0 unless 6 = 0. 


It is convenient to introduce a different group of variables in order to simplify the homo¬ 
geneity of the functions. We define x = Then C (<p) = 0 if and only if: 


( 21 - 11 ) 


3( 2 Tw + = 0 > T (0, rv) = p (0, —v) , v > 0 


In order to prove Proposition 21.3 we will use the following auxiliary result. 


Lemma 21.5. Let us denote as y the set of functions with the form G : U x M -> C satisfying 
the following properties: 

(i) G(X,u) satisfies the homogeneity condition G(/j,X,uj) = G(X,u) for any p > 0. 

(ii) The support of G ( X,u) is contained in the set I\ x [— M, M] where K <ZU is a compact 
set and 0 < M < oo. 

(in) G G C°° (WxR). 

Then, the set of functions with the form: 


(21.12) F ((,v) = F (X) = [ \X\ iw G{X,u)duj , X = ((,v) 

Jr 


is dense in L 1 (u ; jYp-j where dX = dfdv. 


Proof. Since G is homogeneous, the representation formula (21.12) is equivalent to the repre¬ 
sentation of the function / (r, 6) = F (X) with r = |X| and 6 G [— |, |] as angular coordinate, 
in terms of the Mellin transform. Moreover, using the change of variables / (t, 0) = / (r, 9 ), 
t = log (r) and writing G(X,u) = g(u,9) the problem becomes equivalent to proving that 
the class of functions: 


/M) 



(21.13) 


e lult g (w, 9) du 
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with g £ Cf° (M x [—f, f]) is dense in L 1 (M x [— |, |]) . This follows using first that the 
compactly supported functions are dense in L 1 (M x [—?,§]) and using then that the func¬ 
tions with the form (21.13) are dense in L 1 (J) for any compact set JcM x [-|4] ■ □ 


The next Lemma shows, by means of an explicit computation, that there are not homoge¬ 


neous solutions of ( 21 . 11 ) for a set of homogeneities and values of r. 


Lemma 21.6. Suppose that <p satisfies (21.11) and that tp satisfies the homogeneity condition 
p {pX) = p 3b p ( X ), X = (£, v) £ U , for any p > 0 where Re ( b ) £ [0, /3) U (/3, |] if 0 < r < r c 
and 0 < Re (b) < | if r c < r < 1. T/ien y? ((, v) = 0 unlesss b = 0. 

Remark 21.7. In the case r c < r it is possible to prove the Lemma for r c < r < y/2. Notice 
that, if Im ( b ) / 0 we must necessarily have ip complex. 

Proof. Using the change of variables x = £ 3 , it follows that the solutions with the homogeneity 


indicated in Lemma 21.6 have the form (10.4). Replacing (3 by £ to avoid ambiguities, we 


would obtain that <p = p(x, v ) has the form <p ( x , v) = x z F for some z £ C where 

Re (z) £ [0, |] . Our goal is to show that the only possible values of z are z = (3 (r) and z = 0 
if 0 < r < r c and z = 0 if r c < r < 1. To this end we argue as in the Proof of Proposition 


10 . 2 | to prove that 
(21.14) 


„3z 


= 2 sin ( 7 T ( - — z 


We then need to show that (21.14) has only the roots indicated above. To this end we argue 


as follows. If r > 0 is sufficiently small the only roots of (21.14) in the strip 0 < Re ( z ) < 3 
are at z = 0 and z* (r) in a neighbourhood of z = Indeed, it follows from the Implicit 
Functions Theorem that for any b > 0 there is only one solution of (21.14) in the region 
Re (z) > 5 > 0 if r is small, and such root converges to z = | as r —> 0 . In order to study the 
possible roots with Re (z) <6 we write z = A + iB, A, B £ M with 0 < A < b. Then (21.14) 
becomes: 


(21.15) 


g 3Aiog(r) ( cog j 0 g _|_ i s i n (SB log (r))) 


= 2 sin I 7 T ( — — A 


cosh (ttB) — 2 i cos ( n ( - — A 


sinh ( 7 tB) 


Estima ting cos (3 B log (r)) and cosh (ttB) it follows that the real part of th e left- hand side 
of (21.15) is smaller than e 3A ^ og ( r ' ) and the real part of the left hand side of (21.15) is larger 


than 2sin (77 (| — A)) . It follows, using Taylor’s Theorem to approximate this functions for 
A > 0 small that 2sin (77 (| — yl)) > 1 — CqA for some constant Cq > 0 independent of r. 
Since e 3y41og ( r ) < 1 — CoA for r small enough it follows that the only solution of (21.15) with 
A < b has A = 0 if r is small. Then ( |21 .15 ) becomes: 

cos (3 B log (r)) + i sin (3 B log (r)) = cosh ( 7 tB) — iV 3 sinh ( 7 tB) 

and using the fact that cos (3 B log (r)) < 1 < cosh ( 7 tB) if B > 0 we obtain that B = 0. 

Notice that for any fixed r < 1 we have |2sin (7r — z))| > |? ,32: | if z is large enough. 

Standard properties of the zeros of analytic functions then imply that the number of solutions 


of (21.14) for each r > 0 in 0 < Re(z) < 3 can change for the values of r for which there 
are solutions of (21.14) in Re (z) = 0 or Re (z) = |. Writing z = iB, B £ M we obtain that 
(21.14) becomes (cf. ( |21.15 )): 


cos (3 B log (r)) + i sin (3 B log (r)) = cosh ( 7 tB) — iV 3 sinh ( 7 tB) 
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and using again that cos (3B log (r)) < 1 < cosh(- 7 ri?) it follows that there are not solutions 


of (21.14) with Re (z) = 0 except z = 0. We now prove that there are not solutions of (21.14) 


neither with Re (z) = g. To this end we write z = 3 + iB, B E M and (21.14) becomes: 


r 2 (cos (3 B log (r)) + i sin (3 B log (r))) = —2 cosh (irB) 

The solutions of this equation satisfy sin (3 B log (r)) = 0, whence 3 B log (r) = nir, n£Z. 
Then r 2 cos (rwr) = —2 cosh ( 3 ^ , whence n = 2£ + 1, £ E Z and r 2 = 2 cosh ^ 3 ^^ ) • 
This equation does not have any solution with r < \/2. It then follows that the number of 


roots of (21.14) in the strip 0 < Re(z) < g can change only if a multiple root is formed at 


z = 0 for some value of r. A simple computation shows that this happens only for r = r c , in 
which case there is a double root ( 21. 14| ) at z = 0. Therefore there is one root of (21.14) in 
0 < Re (z) < I if r <r c and no roots if r c < r < 1, whence the result follows. □ 


Proposition 21.4|then follows from Lemma 21.6 


We will use the following standard abstract result of Functional Analysis, which is just an 
adaptation of Freldhom alternative adapted to our specific situation. 

Proposition 21.8. Suppose that X is a reflexive Banach space. Let A : D (A) C X —> X 
be a linear closed operator with domain D (A) dense in X. Let A* be the adjoint of A, with 
domain D (A*) C X *, with D (A*) dense in X*. If Ker (A) = 0, then R ( D (A*)) is dense in 
X*. 


Proof. Suppose that R ( D (A*)) is not dense in X*. Then R (D (A*)) 7 ^ X*. Therefore, Hahn- 
Banach implies the existence of an element £ E X** such that (£, rj) = 0 for any 77 E R(D (A*)) 
and with £ ^ 0. Since X is reflexive we have X** = X. Then, there exist xo E X, xq 7 ^ 0 
such that (77, xo) = 0 for any 77 E R(D (A*)). In particular, given any z E D (A*) we have 
0 = {A*z, xo) ■ Therefore, using the definition of adjoint operator, it follows that xo E D (A**) 
and A**xo = 0. Theorem 3.24 in [10] implies A** = A. Then Axo = 0. Since Ker (A) = 0 we 
have xo = 0 and this gives a contradiction, whence R (D (A*)) is dense in X*. □ 

We can use now Lemma 21.5 to show that the solutions of ( |21 .11 ) satisfying a suitable 
boundedness condition are homogeneous. It then follows, using Lemma 21.6 that they vanish 
for suitable ranges of parameters. More precisely, we have the following result. 


Lemma 21.9. Suppose that tp = (p((, v) satisfies (21.11) as well as the inequality: 

\p (C> v )| < K (|C| + |u|) 3ft in x > 0 , t) £ M , A' < 00 

with Re ( b ) E [0,/3) U (/?, |] if 0 < r < r c and 0 < b < | if r c < r < 1. Then <p (£, 7 ;) = 0 
unless 6 = 0. 


Proof. We multiply (21.11) by a C°° test function F ((,v) with compact support in U and 
satisfying 


(21.16) 


F(0,v)=r 2 F ( 0 , — , v > 0 


Integrating by parts we obtain, with the help of (21.16) and using also that ip(0,rv) = 
(p ( 0 , —v) for v > 0 we obtain: 


(21.17) 


)u 


B*F<pd(dv = 0 


where from now on, we write, by shortness: 

B = 3( 2 d vv + vd^ 
B* = 3( 2 d vv — vd( 
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We take F ((, v ) with the following form 

F((,v) = F(X) = f \X\ a+iuJ G{X,u:)du> , X = {(,v) 


with G(X,oj) to be specified. Then (21.17) becomes 


(21.18) 

Notice that if G satisfies: 
(21.19) 


E JU 


B* \X 


I a+iuj 


G ( X , uj) ) (pd(dvduj = 0 


G(0,v,w) = J +2+a G(o,~,u) , v>0 


we obtain that F satisfies (21.16). 

We choose a = —36 — 2. Then g (X) = |A "|“ +2 ip (A) is globally bounded by the assumption 
on ip. We write: 

1 


( 21 . 20 ) 


V (■ X , to) = 

UX) = 


—B* \X 


[ \X\™ r]{X,uj)duj 


(\X\ a+iu} G (X, w)) 


Then, (21.18) implies: 

( 21 . 21 ) 


f £(X)g(X)^= 0 
fu A 


for any function £ (•) with the form (21.20). Our goal is to show that if 6 < 0, the functions £ 
in (21.20) can be chosen in a dense set in L l (u ; , which will imply g ( X ) = 0 and hence 

ip = 0. To this end, we define the following operators for each w£l: 

( 21 . 22 ) ' 1 


-4* M = -(|X|“ +i “G(X,uO) 


To make precise the definition of the operators A* we need to specify their domain. To this 
end we define a curve in parametric coordinates by means of {r = A (9) : 9 E [— f > v] } j with 
A (— |) = }, A (|) = 1, X' (6) < 0. We then define domains 

7r 7T" 


2 ’ 2 . 


}• 


V = |A(0) < \X\ < 2A(0) : 6 e 
T he operator A* (u;) in ( |21.22 ) will be defined in the space of functions: 

Y = {G € L 2 (P) : G (//A) = G (A) for g > 0, X,gX e V) 

with domain: 

D (A* (w)) = {G e y, a„G, d 2 G, d ( G € L 2 (P), j2Ll9ft holds} 

Note that the boundary condition ( 21. 19|) in the sense of traces is meaningful due to the 
regularity of the functions in D {A* (cj)) . The adjoint of A* (w) is given by the operator: 

(21.23) 


A(u) = | A \ a+iu B / 


A 


cH-2 


with the boundary condition 


(21.24) 


G(0,v,uj) = r a+z G (0, — -,uj) , v>0 
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and the domain of A (co) is given by: 

D {A (w)) = {g G Y, d v G, d 2 G, d c G G L 2 (V) , (J2L24J) holds} 


We can then apply Proposition 21.8 which implies that R(A* (uj)) is dense in L 2 (D) 
for any w 6 M such that Ker(A(uj)) = {0} . Notice that A (w) G ((, v) = 0 if and only if 
c p((,v ) = ip(X) = \X\~^ a+2 ^ G (X,uj) solves £(</?) = 0 in x > 0, v G M and (p(0,rv) = 


<p(0,—v), v > 0, as well as (21.10). Since 6 / 0, Proposition 21.4 then implies that 


G (C, v) = 0, whence R {A* (uj)) is dense in L 2 (V). Now let 


A* (w) = |X| 2_iw .4* (w) = 


1 


IX 




B* \X 


\Oi-\-ibJ 


G (X,u> 


Notice that A*G(/j,X ) = yi*G(X). Then R (cu)J is also dense in L 2 (V ). Therefore, for 

< M, we can find a family 
< e for any Iwl < M. 


any e > 0 and any function g G C°° (M : L 2 ( V )) , supported in |ui 
of functions G ( X , a;), w £ M, such that A* ( co ) G(-,ui) — rj (-,uj) 


Therefore, Lemma 21.5 implies that the functions £ ( X ) in (21.20) can be chosen in a dense 


set in L 1 jYp} • Therefore (21.21) implies that g (X) = 0, whence ip = 0 and the result 
follows. 


□ 


Proof of Theorem\21.2. We consider first the cases (i) and (iii). The result in this case follows 


from Proposition 21.3 


In the case (ii) we suppose first that ip is a bounded function satisfying (D 2 — ip = 1 
in (x, v) G M 2 . Therefore, using standard parabolic theory we can write: 

ip (x, v) = — x + w (x, v) for x >0 

where (D 2 — D x ) w = 0 and w (0, v) = ip (0, v ), ip (0, •) bounded. The classical theory of the 
heat equation establishes that w is uniquely determined and \w(x,v)\ < sup^ gR \ip ( 0 , u)| . 
But linr^o Q ip(x,v) = —oo, and this contradicts the boundedness of ip. The case in which 
C =D 2 + vD x can be studied similarly. Suppose then that L =D 2 + vD x . In this case we use 
the fact that ip is a bounded solution of the Kolmogorov equation: 

Ipt = ip vv + vip x — 1 , t G M , (x, v) G M 2 

Therefore, we have the following representation formula: 

(21.25) ip (t, x, v) = —t + / G (t,x — £, v — rj) ip (0,^,r/) d^dg for t > 0 

Jr 2 

where G is the fundamental solution for the Kolmogorov equation (cf. |37| ). Then, the 
integral term in ( 21.25| ) is globally bounded, whence ip (t,x,v) is unbounded for t —> oo. The 
contradiction concludes the Proof of (ii). 

In order to prove (iv) we argue as follows. By assumption ip is bounded. Let m = 
inf (ip) , M = sup (ip). If either of them is reached as an interior point we would obtain 
that ip is constant by the strong maximum principle (cf. Proposition 20.7). Let L = 
limsupK^i^oo ip (x, v) and liminf^ )W )_^( 0 ,o) V 7 0*5 v ) = K o- By assumption k,q,L G [m,M], 
We can then, arguing by comparison, use as barrier function ip = k o + crFp in the admissible 
domain 1Zr\R £ with R large and e small, with a —> 0 as R —> oo, due to the fact that ip 
is bounded. It then follows that no — 5 < ip < kq + Ca in bounded sets of U with 5 > 0 
arbitrarily small. Taking the limit R —> oo, a —> 0, 5 A 0 we obtain ip = k o whence the 
result follows. □ 


We will need the following auxiliary result. 
























72 


HYUNG JU HWANG, JUHI JANG, AND JUAN J. L. VELAZQUEZ 


Lemma 21.10. Suppose that A ( R ) is a positive continuous function such that 

lim inf ^°f = C > 0 , C < oo for some ( > 0 . 

R- s>0 log (it) 

Suppose that K > 1 is given. Then there exist sequences {R n } , {p n } with R n —> 0, p n -+ oo 


as n —> oo such that 


HR) 

A(R„) - 


for±<£<Vn- 


Proof. We claim the following. Suppose that we fix L > 1. We then claim that for any 5 > 0 


A (p) 

A (R) 


< K (|) C for all p € 


. The existence of 


(small), there exists R < 5 such that 
the sequences {-Rn} , {p n } then follows inductively by choosing L = n = p n , <5 = 1 if n = 1 


ILR 


and 5 = 


if n > 1 and denoting the corresponding R as R n . 


We prove the claim by contradiction. Suppose that it is false. Then, for any L > 1 fixed, 

such that 


there exists Rq > 0 such that, for R < Rq there exists p = p (R) € 


Kp( r )) 

A(R) 


> K 




C 


ILR 


. We then define, for each R* < Rq a sequence inductively as follows. 


We define R.\ = p (R*) and then R n +i = p ( R n ) for n > 1 as long as R„, < Ro- If p (R n ) > Ro 
for some n > 1 the iteration finishes. 

We now have three possibilities, (i) Given R* < Ro, for the corresponding sequence {R n } 
we have limin^^oo R n = 0. (ii) Given R* < Ro, for the corresponding sequence {R^,} we 
have 0 < lim inf n _ ) . 0O R n < Rq. (iii) Given R* < Rq there exists N such that Rjy > Rq. We 
define X n = A (R n ). We will denote the subsets of (0, Ro] where each of the three possibilities 
takes place as A\, A 2 , ^3 respectively. 

Suppose first that we are in the case (i), or more precisely that A\ is nonempty. Then, for 
the corresponding R* we have the sequence {R n } as defined above. We then have: 


An ii! R A„ \ 


P (Rn-l) 


c 


Then 


lim inf 

R-^ 0 


log(MR)) 

log (R) 


Rn- 

-1 ) 

< 

lim inf 


n—>■ 00 

< 

lim inf 


n—» 00 

— 

lim inf 


n—> 00 


= I< An_i 


log (An 


Rn 


Rn-l 


c 


>....> K n \{R*)[ 1 ^ 

JrC 


c 


log (Rn) 

n log (RT) + C log (Rn) + log (A (R*)) - Clog (R* 


log (Rn 


n log (RT) + Clog(Rn 


log (R« 


C + log (RT) lim inf 

n —>00 


n 


log (Rn 


Notice that p (R) > Then R„ = p(R n - 1 ) > 


/>’„ 1 


> 


L — ••• 

log (R*) — n log (L) > — (n + 1) log (L) for n large enough. Then 


> fe, whence log (R„ ) > 


I log (Rn) | < (n+ 1) log (L ), 


whence 

yields: 


1 


> 


1 


|log(R n )| — (n+1) log(L) 


and — 


1 


< - 


1 


|log(R„)| — (n+1) log(L) ’ 


i.e. 


1 


< - 


1 


log(-Rn) — (n+1) log(L) 


This 


lim inf 

.R->o 

lim inf 

R->o 


log (A (R)) 
log (R) 
log (A (R)) 
log (R) 


< ( — log ( K ) lim inf 

n —>00 

log (JO 

- ^ log (L) <<! 


n 


(n + 1) log (L) 



ON THE STRUCTURE OF THE SINGULAR SET FOR THE KINETIC FOKKER-PLANCK EQUATIONS IN DOMAINS WITH BOU 


This contradicts the fact that lim inf /^q = ( and then, it implies that the set A\ 

is empty. 

Suppose then that A 2 is nonempty. We also have the inequality: 


An > K n \ (R,) ( ^ 


whence: 


A OR*) < 


A n 

(Rnf K n 


where n is arbitrarily large. Then, since the limit lim,,^,^ ( c ) = l = Ir* > 0 exists, we 

V (Rn) / 

obtain 

A (R*) < Ir, ■ (R*) 1 ’ lim = 0 

n—¥ 00 J\ ,L 

Therefore A (R*) = 0 if R* G A 2 , which is a contradiction. 

If R* G A3 we can apply the same argument to obtain: 

A tv (R*)^ 


A(R*) < 


(fl„) C kn 


We now have the inequality Rjy = p(R]\r-i) < LRat_i < 

log(A') 

IV log (L) > log (jf-J ■ Then K N > los(L) , whence: 


< R 7V R* which implies 


A OR,) < 


Given that Rat > Rq we obtain: 


Atv 


/• | l°g(A) 

(RjvR lo ^ L 1 


f I log(AT) 

(R*) C ‘“sW 


A(R*) < C'( J R,) c+ i°sG) 

with C independent of R*. Since A\ = A2 = 0 we obtain this estimate for R * < Ro arbitrary. 
Then: 

li,n inf l 0 g( T fl)) >C + !^>C 




0 log (R) 
and this would give a contradiction. 


log (L) 


□ 


The following asymptotic result is interesting for itself, and it will be used repeatedly in 
the following. 


Theorem 21.11. Let 0 < r < r c . Suppose that h £ C ( X ), ip G C (X) satisfies (11.1) and 
that we have Cp = h, with C as in Definition \11.7[ Then 

(21.26) |ip (x, v) — p (0,0) — A (p) Fp ( x , v) — h (0,0) S (x, u)| = 0 + |u| 2 ^ 

2 2 

as xs + \v\ -A 0 /or some suitable constant A{p) G M. 

Proof. We construct sub and supersolutions with the form: 

<p± ( x , v) = p (0,0) ± e ± CFp (x, v) ± AS 1 (x, u), 

where A = 2 |/i (0,0)|, e > 0, C > 0. We can choose 0 < <5i < 62 small and then C large 
enough to obtain p_ < p < p + in d!Z $ 1 U dlZs 2 . Proposition 20.6 yields then p- < p < p+ 
in 'R.§ 2 \1Zs 1 . Taking the limit <5i —> 0 and then e —> 0 we obtain: 

\p (x, v) — p (0, 0)| < 2 CFp (x, v) in 1Z$ 
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for some 6 > 0. We can now prove that the limit exists. To this end we define 


C- = liminf 


0 


inf, 


dn R 


ip(x,v)—ip(0,0) 
Fp (x,v) 


and C + = limsup R _ 


SU P977 F 


ip(x,v)—ip(0fi) 
Fp{x,v) 


C- = C .|_ the result would follow. Suppose then that C- < C + . Suppose first that t 
exist sequences {i? n } , ji? n j and positive constants ci, C 2 such that 


If 

nere 


lim 

71—> OO 


sup 

d^Rn 


<p(x,v) -tp( 0 , 0 ) 


Fp (x, V) 


= c 4 


and 


lim 

n—>oo 


inf 


<p(x,v) - y ( 0 , 0 ) 
Fp (x,v) 


= C- with C] 11,i < R n < C ‘2 R n ■ 


Notice that we might have in particular cases R n = R n . We then define ij) n (x,v) = 
‘p(R n j -'R n t) sa(O.O) . s ^- an j arc j compactness argument implies that for a suitable convergence 

\Rn) 

subsequence —> i/j in compact sets which do not contain the singular point (x, v ) = ( 0 , 0 ) 
and where Fi/j = 0. Moreover, our assumptions in the sequences {i? n } , ji? n j , as well 
as the hypoellipticity properties of the operator L imply the existence of points different 
from the singular point such that ip(xi,vi) = C + Fp(x i,ui), i/j (x 2 ,^ 2 ) = C-Fp{x 2 ,^ 2 ) ■ 
Moreover C-Fp < ip < C+Fp, Since C- < C+, the strong maximum principle then im¬ 
plies then that < ( C + — 6) Fp for some 5 > 0 in a set dlZ p for some 0 < p < 00 . A 
comparison argument then yields t/i < (C+ — 5) Fp in lZ p . We remark that the comparison 
argument is made in a family of domains 1 Z p \lZs, adding e to the barrier functions and 
taking then the 
that lim sup 


imit 6 — 
su Pc m R 


0 and e — > 0. However, using the definition of ilj n we then obtain 

ip(x,v)—ip(0,0)' 

Fp(x,v) 


< (C + — 5), a contradiction. 

Suppose now that the solutions {R n } , ji? n j with the property stated above do not exist. 
This implies the existence of a sequence {R n } such that 


lim 

n—too 


sup 

9TZ Rrl 


<p{x,v) - <^( 0 , 0 ) 


-C 4 


= 0. 


Fp (x, v ) 

A comparison argument then yields ip (x, v) — <p (0,0) > (C- + 5) Fp, for some 5 > 0, whence 


liirir; 


hif a77 


ip(x,v)—ip( 0,0) 
Fp(x,v) 


> (C— + (5). The contradiction then implies that C- = C+. 

Therefore we have: 

(21.27) \p> (; x, v) - <p (0,0) — A (<p) Fp (x, n)| = o (x^ + |u| 3/ ^ 

as (x, v ) —> ( 0 , 0 ), where A (ip) = C + . 

As a next step we need to prove that: 

(21.28) \ip (x, v) — ip (0, 0) — A (ip) Fp (x, v)\ < C ^3 + |u| 2 ^ 

for (x, v) 6 d1Z$ for suitable <5 > 0, C > 0. We define the auxiliary function: 

(21.29) A (R) = sup \<p (x,v) — <p ( 0 , 0 ) — A(p>) Fp (x,v)\ 

x i+\v\ 2 =m 


Notice that (21.27) yields A (R) = o (i# 3 ) as R —> 0. 

W o\ 

Suppose now that limsup R _^ 0 = °°- We then have, using also the estimate A (R) = 

_ 

o ( RP) as R —> 0, that lim inf= ( £ [/3, |] . Applying Lemma ! 


21.10 


we obtain the 
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existence of a sequence {R n } such that x(r \ — 
solutions and defining ip n as before we obtain in the limit that ip n converges t o ip, s olution 
of Cip = 0 with \ip\ < K + |u| 3 ^ and ip 0. We now apply Theorem 21.2, which 

implies that ip = 0. The contradiction implies that lirn sup ^ 0 < oo. We then rescale 

R~3 

the solutions again, in order to obtain a sequence of functions ip n of order one. The limit of 
this sequence satisfies Cip = /i(0,0) as well as \ip(x,v)\ < C ^xs + |u| 2 j and the boundary 
conditions ip (0, rv ) = ip (0, —v) for v > 0. After substracting from ip the function h (0,0) S 
we obtain a new function R = ip — h (0,0) S satisfying CR = 0 and \ip (x, v)\ <C ^xs + |u| 2 ^ 
as well as similar boundary conditions. Using Theorem 21.2 we obtain R = 0, whence the 
asymptotics (21.26) follows. □ 


K 


for fle 


It i Mj »A. 


Rescaling the 


We have a similar result in the supercritical case. 


Theorem 21.12. Let r > r c . Suppose that h E C ( X ), <p G C (A) satisfies (11.1) and that 
we have Cip = h, with C as in Definition E3 Then 


(21.30) 


2 2 
as xs + u 


\ip (x, v) — <p (0,0) — h (0, 0) S (x, u)| = o^x 3 + |u| 2 ^ 
0 for some suitable constant A {p) G M. 


Proof. The proof is similar to the previous Theorem. We first prove, using the correspond- 

2 

ing Liouville’s Theorem for this case, that A ( R ) < CRs where in this case we define 
A (R) = sup 2 a_ R l \t ( x ! v ) — T (0; 0)1 ■ We then obtain, using similar arguments, that 
the asymptotics is given by the function S. □ 


We conclude this Section with a technical result, which provides some uniformicity in the 
asymptotics of the solutions near the singular point. Suppose that £ = £ (x, v) is a C°° 
cutoff function, supported in the region x + |u| 3 < max { 2 , 2 } , and satisfying £ (x, v) = 1 for 
x + M 3 < 1 as well as £ (0, —v) = £ (0, rv) , for v > 0, £ x (x, v) = 0 for x < Let 

M = {ip-.ip^eC(X) \cmeC(X), \cm\<l, 

(21.31) \ip (x,v)\ < Fp (x,v) in |x| + |u | 3 < 1}, ip (x, v) = o ^x^ + |u| 3 ^ as |x| + |u | 3 —> 0, 


where Fa, (3 are as in Lemma 10.1 Notice that since r < r c we have j3 > 0. The cutoff £ 
has been introduced because in later arguments we will need to use unbounded functions ip 
which do not belong to C ( X). 

Then we derive the following estimate which shows that the rate of decay of ip (x, v) as 
(x,v) (0,0) is uniform for the class of functions JA. 


Proposition 21.13. 

(21.32) 


Let 


p(R)= sup sup \ip(x,v)\ 
V'G.A/f X P + \ V \ Z P=RP 


with M as in (21.31). Then we have 


, fi(R) 

hm „ = 0 . 

R->o Rp 

Proof. We prove the result by contradiction. Suppose the opposite holds, that is, there exists 
Rm ~> 0 such that > r/ > 0 . Then there exist sequences {ip m } C A4, {x m } with 

R-m 
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3/3 


x m > 0, {%} C M with \xm\P + \v m \ 313 = Rm such that 

\lpm\ > V (\Xrnf + \v m 


Define 


(x,v) = 


Rm%i Rrn V 


jdP 

1 Mn 


Then <f> m satisfies the following. 

(i) 


(21.33) 

(ii) 

(21.34) 

(iii) 

(21.35) 

(iv) 

(21.36) 

(v) 

(21.37) 


\C$m\ < R ™ /3_/J ->• 0 asmA oo, since /3 < 2/3. 


4> m satisfies ( 11 . 1 ) for any v > 0 


(a;, v) = o (\xf + |u| 3/3 ) , \x\ + 


0 . 


where «,,<) = 


Rm' ffl/3 

1 *'771 


{x* m ,V* m )\ >1J> 0, 

) with \x*J + K| 3/J = 1 . 


|$m (a:,v)l < F 0 (x,v) 


By the regularizing effect of the operator L and b y (i), 4> m is uniformly bounded in 
X M) for all 1 < p < oo (cf. Theorem 12.4). Then by the Sobolev embedding, 
<f> m converges to <L* uniformly in m on compact sets (up to subsequences) and <J>* satisfies 
the following. 


K p 


£4>* = 0 in U , 4>* satisfies ( | 11 . 1 ), 

|<T (x,u)| <Fp(x,v), |$*(x*,u*)| > 77 > 0 , 

where ( 2 ^, 7 ;^) -A (x*,v*) with \x*\® + |u*| 3/3 = 1. 

Let 

C* = inf {C | 4>* (x, v) < CFp (x, v ) for all (x, v) E I 
Notice that sup (Xj1>) 


T 


$ = C*. Indeed, if 


su P(a;,w) > C*, we would obtain that, 


for any 5 > 0 sufficiently small there exists (xg, vg) E M+ xR such that 4 >* (2:5, U5) > 
(C* + 6) Fp (x. v ), whence sup^^ ^(x’v] — C* + &, and this contradicts the definition of 

C*. If sup (Xit)) < C* we would have sup^,,) < C* — 5 for some 5 > 0 small, and 

therefore we would have C* < C* — 5 which gives a contradiction too. 

We now claim that: 

(21.38) 4>* (x, v) = C*Fp (x, v) 

To prove this we examine the different possible cases depending on the values of (x, v ) 
where sup^ ^ is achieved. At least one of the following alternatives holds: 

Case (a) There exists (x,v) 7 ^ (0,0) with |(x,u)| < 00 such that 4>* (x,v) = C*Fp (x,v). 

Case (b) 

<&* (x,v) 


lim sup 


““e SU P j-i / \ 

R-^0\xf+\v\ 3 P=Rfi \ X -> V > 


= C*. 


(21.39) 
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Case (c) 


lim sup 


.. sup . , 

R-KXJ \xf + \v\ 3f3 =RP X P V X ’ V ) 

In the case (a) we notice that T* (x, v ) < C*Fp ( x , v) for all (x, v) G M + xR. We then obtain 
a contradiction using the Strong Maximum Principle (cf. Proposition 20.7) if &* (x,v) ^ 


<3?* (x,v) 


= C*. 


C*Fp (x, v ), since we would obtain a minimum of the function (C*Fp (x,v) — $*) which 
satisfies £ ( C*Fp (x, v ) — <3?*) = 0. 

In the case (b), suppose 3>*(x,u) / C*Fp (x, v), then we may assume without loss of 
generality that 4>* (x, v ) < C*Fp (x, v ), for |x|^ + |w| 3p = 1. Then, using Proposition 20.6 as in 
the proof of Theorem 21.11 i.e. making the comparison in a region removing a small set near 
the singular point, adding a small value e > 0 and taking the limit as the domain converges 
to the whole M + x M we can show that 4>* (x, v) < (C* — 5) Fp (x, v ) + £, for some 6 > 0 small 
and for arbitrary e > 0 small. By letting £ -A 0, we get T* (x, v) < ( C* — 5) Fp (x, v) , which 
contradicts to (21.39). 

In the case (c), there exists a sequence (x/,^) such that \(xi,vi)\ -A oo and 

Um ■E-fe.S,) = cv 


oo Fp (xi,Vl) 


Define 


(x,u) = 


(j>* 


Pix, p] /3 v 


Pi 


Then there exist (x,v) G M and (x^. v 0 


p ,8 . I - 13fl 

, p\ = | Xif + \vi\ M 


x M such that 


ooi^ + |^oo| 3 ' 3 = 1 and <&** (x,v) 


Pl > p3 ) ~^ i x oo , Voo ) 


with |x, 

C*Fp (x, v) and 


as l -A oo, C($™) = 0,4>^(x,x) < 


(®oo,^oo) = C*Fp(x c 


Then by Proposition 20.7 we have 


dW ( x , v ) = C*Fp(x,v) 


Thus for 5 > 0 given small and l large and for 1/4 < |x|^ + |u| 3 ^ < 4, 

4>r (x,w)> (c*- ^]Fp(x,v), 

which in turn implies, for pi/ 4 < |x|^ + \v\ 3 ^ < 4 pi, 


<*>* (x,u)> \^C*- w )Fp(x,v). 

Now suppose 4>* (x, v) ^ C*Fp (x, x), then, using the comparison argument above it would 
follow that <h* (x, v) < (C* — 5) Fp (x, v) for pi = \x\^ + |x| 3 ^ , which is a contradiction. 

Thus the claim (21.381) is proved. Next we claim C* = 0. Suppose C* / 0. Take C* > 0 


21.1 


without loss of generality. Then for any given S > 0 small, for |x|^ + |u| 3 ^ = 1, <h m > 
(C* — 5) Fp for large m since 4> m —> as m -A oo and 4>* (x, v) = C* Fp (x, v ). We re call a 
super-solution S (x,v) with S ~ |x| 2,/3 + |u| 2 near (0,0) and CS = 1 £ 

Then we construct a sub-solution of the form 

Z (x, v) = (C* - 25) Fp (x, v) - R 2 J?~ P S (x, v) 
so that we have by comparison principle, 

4> m (x, v) > Z (x, v ), for \x\ P + |x| 3/3 < 1. 
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Therefore, we have 

4> m (%, v ) > (C* - 35) Fp (. x , v) , for |ic| /3 + 


u| 3 ^ < 1, 


which contradicts to (21.35). Thus the claim is proved, that is, C* = 0. Then d>* (x, v) = 0, 

□ 


which contradicts to (21.36). Thus the proof is complete. 


22. The operators D~ are Markov pregenerators. 


We will denote in the following as D CT any of the operators f it,sub, D nt,sub > 5 L pt,sub , »“sup 

In the rest of this Section we check that the four 


a 


d. 


defined in Sections 13.1, 13.2 13.3, 13.4 


operators D CT defined above are Markov generators in the sense of Definition |18.5 and there¬ 
fore that they define Markov generators due to Hille-Yosida Theorem (cf. Theorem 18.7). 
We first check that the operators Do- are Markov pregenerators. 


Proposition 22.1. The operators fit,sub, D n t, S ub > D p t, S ubi &sup defined in Sections 13.1 


13.2. 13.3. \I3J\ are Markov pregenerators in the sense of Definition 18.1 
We will prove Proposition 22. 1| with the help of several Lemmas 


Lemma 22.2. Suppose that D^ E {Dt,sub, D, n t, su bi D p t, S ub , D sup } . The domains V (Do-) de¬ 


fined in (13.2), (13. 4), (13.6), (13. are dense in C ( X) endowed with the uniform topology. 

Proof. We need to check that the domains T> (Do-) are dense in C ( X ) with the uniform norm 
||'|| in (11.4). To this end we argue as follows. Let ( £ C (X) , then we want to find an 


approximate sequence in 77(D) converging uniformly to £ in X. To this end, for given p > 0, 
first we introduce the following function A E C 00 ^, oo) so that 

0 < A(s) < 1; A (s) = 1 for 0 < s < p 
and we define p(x, v ) by 

X(x + |u| 3 ), 

K x +\ V r\ 3 ), 

No te that rj is continuous in X , 77 ( 0 , —v) = 7/(0, rv) for v > 0, and = A (rj) = C (rj) = 0 in 
(13.1) since 7 / is constant near the origin. Let e > 0 be given. Choose £ = 7/£ (0,0) + (1 — 77 ) £, 


( 22 . 1 ) 


p(x,v) = 


A(s) = 0 for s > 2p 

v < 0 

v > 0. 


where ?/ is given in (22.1). Then rj = 1 on {x+lup < p and v < 0, or x+ - < p and v > 0} 


and ?/ = 0 for {2 + |u| 3 > 2 p and v < 0, or x+ 1 ^ | >2 p and v > 0} and 0 < 77 < 1 otherwise. 
Then it is easy to see, since £ is continuous up to the boundary, 

Z-£\\ = M£-<£(0,0))|| <e/2, 

for sufficiently small p. Write 

£ = £ (0,0) + (1 - 77) (£ - £ (0,0)) =: £1 + £ 2 . 

Then £1 E 77 (D) since it is a constant function. We now consider £2 = (1 — 77) (£ — £ ( 0 , 0 )) and 
will find an approximation in 77 (D) to it. Note that £2 is 0 near the origin. We may assume 
that £2 is compactly supported. Let us consider the standard modifiers {<£ 5 }<5>o- By extending 
£2 to zero outside of X, we consider the following approximation of £2 via convolution 

£2(2,2)= / ( s (x - y,v - w)&(l/,w)dydw 

J\x—y\ 2 + \v—w\ 2 <5 

Then for sufficiently small 6 {< rp/ 2 ), we obtain £ 2 = 0 in a small neighborhood of the origin 
and that ||£|—£ 2 || < e/ 2 . However, this £| does not belong to 77 (D) in general, since £2 and ££| 
do not satisfy the boundary condition ( 11 . 1 ). In order to find the approximation of £2 that lies 


in 77(D), we will construct a smooth function ip° in a thin strip Y = {0 < 2 < 5/2, v < — <5/2} 
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near the lower boundary but away from the singular set so that it is close to £2 in that strip 
Y and moreover, (/^(O,?;) = ^|(0,—ru) and £p s (0,v) = Cf, 2 ( 0 ,—ru). This will be achieved 
by solving the parabolic equation in Y: 

d x p s (x, v ) = — -d x p 5 — rd x f^{x, —rv) + -3,^2 (x, — rv ) for 0 < x < 5/2 , v < —5/2 

v ) = ^ 2 (0) —rv), p S (x, —-) = 0 for 0 < x < 5/2. 

Here we view 1 as a tinre-like variable. Since —v is away from zero, the existence and 
regularity of the solution follow from classical parabolic theory. Note that the parabolic 
equation guarantees Cp s (0,v) = ££ 2 ( 0 , — rv) and the initial data gives p s (0,v) = £ 2 ( 0 , —rv). 
In addition, since ||£| — £ 2 !! < e/2 and p s (0,v) = £ 2 ( 0 , —rv) £ 2 ( 0 , v), and by continuity of 
£ 2 , we deduce that supy | — ^2 1 < e/2 for sufficiently small 5. 

By introducing another smooth cutoff function x so that y(x, u) = 1 in T' = (0 < x < 
5/ 4, v < —3(5/4}, x( x i v ) = 0 in X \ Y, and 0 < y < 1, we now let := XT S + (1 — x)^ 2 - 
Then by construction, we deduce that £2 E V(Ct) and moreover, 


6-Cl 


<e/2, 


for sufficiently small 5 > 0. Therefore, 

|e-(a+e]) 

Since e is arbitrary, we are done. 


e - £+6 - £2 


< e. 


□ 


We now prove the following: 


Lemma 22.3. Suppose that Ct a E {Qt,sub, &nt,sub, Ll pt , S ub, • Let g E C ( X) and sup¬ 

pose that there exists p E V (fl^) such that p—XCl a p = g for some A > 0. Then min^gx p (C) > 
min fe x g(C). 

Proof. In order to prove the result we consider several (not mutually exclusive) subcases, 
namely: 

(a) p (xo,vo) = miny with xo >0, vq E M. 

(b) p (0, vo) = minx P, with vq E M. 

(c) p ( 00 ) = minx P- 

(d) p (0, 0) = minx P- 

By assumption, in the case (a) we have that p (x, v) — Cp (. x , v) = g (x, v) for ( x, v) in a 
neighbourhood of (xo,uo) contained in U. We now claim that Cp (x o,vo) > 0. Suppose the 
opposite, i.e. Cp (x o,vo) < 0. Then, since g,p E C (A') there exists an admissible domain S 
(cf. Dehnition 12.1), such that (xo,vo) E S and Cp(x,v) < —n for (x,v) E 5 wit h k > 0. 
Moreover, we can assume also that dist ((xo, vq) , 3 a S) > w ith d (S) as in (20.7). Due to 
(a) we have p(x q,vq) < rmno a ^p. Applying Proposition 20.6 to p = p — p(xo,vo) it then 
follows that 0 = p(xo,vo) > C*k > 0, a contradiction. Therefore £p(xo,vo) > 0 and since 
Q a p (xo,vo) = Cp (xq, vq) the result stated in the Lemma follows in this case. 

In the case (b) we argue similarly. We just take a domain E with the form (0, X 2 ) x (fi, V 2 ) 
such that (xq,vq) E <9S, and dist ((xo,fo), 3 a S) > Notice that we use the identification 
of the points in the definition of X (cf. (11.1)) and that the points of the domain E are to 
the left of (xq, vq) in the sense of Definition |1 1.2 If Cp (xo, vq) < 0 we obtain a contradiction 


as in the case (a) using Proposition 20.6 


In the case (c), using the fact that Cp is continuous in X it follows that, for any given 
any e* > 0 we can choose R such that if |(x, u)| > R we have p (x, v) < minx p + e*. Suppose 
that Cp ( 00 ) < 0, we claim that this implies the existence of (x, v) with | (x, v)\ > R such that 
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p (x,v) > minx P + Co, with Co > 0 independent of e* . To prove this we choose (xq,vq) = 
(xq, 1) with xo large and we define an admissible domain H = (xo — 1, xo + 1) x (—2, 2). By 
assumption Cp (x, v ) < —a for some k > 0 independent of e* and (x, v) E E. Suppose that 
p (x, v) < minx P + £* for any (x, v) E <9 a E. Then, a comparison argument, as in the previous 
cases, yields p (xo, 1) < minx p+£* — C\k for some constant C\ > 0 independent of e* . Notice 
that the independence of C\ follows from the invariance of the operator C under translations 
in x. Since £* can be chosen arbitrarily small it then follows that p (xo, 1) < minx P ~ y=r 
if xo is large enough. However, since p E C (X) this implies p (oo) < minx p — pr- but 
this contradicts the fact that minx P = P (oo). Therefore Cp (oo) > 0 whence p (oo) > 
p (oo) — Cp (oo) = g (oo) and the result follows in this case. 

Suppose now that (d) holds. Notice that in the case of the four operators 


IT 


t,sub: H nt,sub: ^^pt,subF^sup 

we have that f(0, 0) = (Cp) (0, 0). Moreover, all the functions in the domain of the four 


1 1 ! 




operators satisfy (13.1). 


In the case of the operator fit,sub we have, by definition (flt, S ubP) (0,0) = 0, whence 
the result immediately follows. In order to show this property for f lpt,subi notice that the 
asymptotics (13.1), combined with the fact that Fp(x,v) > 0 (cf. Proposition 10.2) implies 
that, since p (0,0) = minx P, we have A (p) > 0. Therefore, using that (f lpt, S ubP) (0, 0) = 
/r* 1(7*1 A (p), with /j* > 0, we obtain that (iii) also holds for the operator fl p t, S ub- In the case 
of the operators fl n t, S ub we have, due to the definition of its domain, that A (p) = 0. We 
now claim that this implies that (Cp) (0,0) = 0. Suppose that (Cp) (0, 0) = a / 0. Theorem 


21.11, combined with the boundary condition A (p) = 0 yields the asymptotics: 


( 22 . 2 ) 


p (x, v) — p (0,0) — kS (x, v ) = o ^xa + |u| 2 ^ 


as (x, v) —> (0,0). Lemma 21.1 implies that S (x, v) takes positive and negative values in any 
neighbourhood of (x, v) = (0, 0). Therefore, if n A 0 we cannot have p (0, 0) = minx P- This 
rules out the possibility (d) in the case of the operator Q n t )S ub- 

It only remains to consider the operator The asymptotics of p (x, v) near the singular 
point can be computed in this case using Theorem 21.12 We obtain then the asymptotics 
^22.2 ). Since S changes sign in any neighbourhood of the singular point we obtain that 
p (0,0) A minx P if « A 0- □ 


Proof of Proposition \22.1\ Notice that for all the operators 

£ {(1 t,subi (I nt,subi H pt,subi Hsup} 

we have that 1 E V (Q a ) and SIM = 0 (cf. (13.3), (13.5), (13.7), ( 13.9| )). Therefore (i) i 
Definition 18. 1| follows. The property (ii) in Definition 18.1 follows from Lemma 22.2|and the 


m 


property (iii) is a consequence of Lemma 22.3 


□ 


23. The operators PL a are Markov generators. 


In this Section we prove that the operators Do- defined in Sections |13.1[ 13.2 13.3 13.4 


are 


Markov generators in the sense of Definition 18. 5| Due to Proposition |22.1 we just need to 
prove that the operators are closed and that 1Z(I — Af2 CT ) = C (X) for A > 0 small. The 
proof of these results is a bit technical, due to the conditions imposed at the singular point 
(x,v) = (0,0) in the definition of the domains T>(D CT ). 


23.1. Closure of Do-.. We first show that the operators are closed, that is, the graph{(t/?, $l a p) \p£'D(£l r7 )} 
are closed in C ( X ) x C (X). First we establish the closure property away from the singular 
set (0,0). 
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Lemma 23.1. LetLl a be one of the operators sub, LInt,sub , LI P t,sub, Ll sup . Assume (p m ,ft a p m ) 
with p m E F(Ll a ) converges to (p, w) in C ( X) x C ( X ). Then 

V, D xV, D v p, Dip E L p loc (U) 

for any p E (1, oo) and w = [D 2 + vD x ) p in U. 

Proof. Since w n = L (p n ) w E C ( X ), we have the following, for any £ E F (U): 


J TnC*{ £) = J C(p n ) C 


WnC 


w(. 


Thus we get 

w = C (p) E C {X). 

The regularity properties of p are a consequence of the hypoellipticity properties of the 

□ 


operator £ (cf. Theorem 12.4). 


The uniform estimate obtained in Proposition 21. 13| enables us to derive information near 
the singular point for sequences {p m } such that {Ll a p m } is convergent in C ( X ). 


Lemma 23.2. Let {(pm,Lt a p m )} be a sequence of C (X) x C (X) with {p m } C V(H a ) 
where Ll a is any of the operators Llt, su ,b, &nt,sub, &pt,sub- Let us assume that the sequence 
{( pm, LlaPm)} converges to (p, w) in C ( X) x C ( X ). Then the sequence of numbers {A (p m )} 
defined by means of (13.1) is a Cauchy sequence and therefore linim^oo A (p m ) = L exists. 


Proof. In the case of the operators Ll n t, su b we have, due to (13.4) that A(p m ) = 0 and the 
result follows trivially. Suppose then that is one of the operators £lt,sub, Ci pttSU b- We first 
show that {A ( p m )} is uniformly bounded in m. Let p n (x, v ) = p n (0, 0) + A (p n ) Fp (x, v) + 
if n ( x , v). By assumption p n -A p, Cp n --A Cp in C (A'). Then \Cp n \ < A, for some 0 < A < 
oo and \p n (x,v) — p n (0,0) | < C. We consider a super-solution p + and a sub-solution p_ of 
the form 

p± (x, v ) = CFp (x, v ) ± AS (x, v ), 

where S (x, v) satisfies CS = 1 as in Lemma 21.1 Then p + (x, v) > ( -fFp (x, v ) and p- (x, v ) < 
(yFp(x,v) in x + |u| 3 = p if p > 0 is sufficiently small. Then \p n (x, v) — p n (0,1 


< 


Kp± (x, v) for x + jup = [). with K > 0 sufficiently large. On the other hand since 
p n E C (X ), given e > 0 we have \p n (x,v) — p n (0, 0)| < e if x + |up = <5 for any <5 > 0 


sufficiently small, depending on e. Then the Weak Maximum Principle in Proposition 20.6 
applied to p n (x, v ) — p n (0,0) and (p± (x, v ) ± e) yields 

KC 

\p n (x, v ) — p n (0, 0)| < -^-Fp (x, v ) + £, for all (x, v ) with 5 < x + |u| 3 < p 

and taking the limit 5 -A 0, e —^ 0 we obtain: 

KC 


|Pn (x,v) ~ p n (0,0)| < 
This implies 

V’n (X,v) 


Fp (x, v ), for all (x, v) with 0 < x + |u| d < p. 


A ( p n ) + 


Fp (x, v ) 


< 


KC 


for all (x,v) with x + |u| 3 < p. 


Then applying Proposition 


21.13 


yields, as x + |u| 3 —> 0, 
KC 
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Next, we show that {A(ip m )} is a Cauchy sequence. A similar argument can be applied 
to ip n (x, v) — ip rn (x, v ) — ip n (0, 0) — ip m (0, 0) for large n, m to obtain, for all (x, v) with 

X + \V\ < p, 

(23.1) I ip n (x, v ) - <p m (x , v) - Pn (0, 0) - ip m (0,0)| < eFp (x, v ), 

where the e > 0 on the right-hand side of ( |23.1 ) can be chosen arbitrarily small due to the 
fact that {< p n j converges uniformly in X, in particular at (x, v) = 0 and for x + |u| 3 = p > 0. 
Then: 

'ipn (X,v) - 1p m (x,v) 


A(ip n ) ~ A {if m ) + 


< e, for all (x, v) with x + |u| d < p 


Fp (x , v) 

where ip n , ip m are chosen as in ( 13. 1| ) and m,n large enough. The definition of M. in (21.31) 
implies that 


(23.2) 


| A (ip n ) - A (<Pm) | < £ + 


»(R) 

Fp (x, v ) 


, for all (x, v) with x + |?;| 3 = R < p 


Notice that the right-hand side of (23.2) is independent of n,m. Using Proposition 21.13 
and taking the limit R — > oo we obtain: 

| A(ip n ) - A (ifm) | < £ 

if n, rn are sufficiently large. Therefore {A (pm)} is a Cauchy sequence and the result follows. 

□ 

We show in the following lemma that the limit of functions in the domain of the operators 
flo- has the asymptotics required near the singular set. 

Lemma 23.3. Let {(ip m , Ll a ip m )} be a sequence of C (X) x C (X) with {pm} C V(Ll a ) where 
is any of the operators £lt,sub, ^nt,sub, ^pt,sub, ^ sup■ Suppose that the functions satisfy 
Hi 3.1 ), i.e., they can be written as: 

(23.3) Pm (x, V) = Pm (0, 0) + A {Pm) Fp (x, v) + 1pm (x, v) 

where ip m satisfies the last identity in (13.1). Let us assume that the sequence 

converges to (<p,w) in C (X) X C (X). Then <p satisfies (13.1) for suitable A (ip) and ip. 

Moreover, we have: 


(23.4) 

(23.5) 

(23.6) 

(23.7) 

(23.8) 


lirn <y9 m (0,0) 

m—¥ oo 

lim A(tpm) 
m—l-oo 

lim ip m (x, v) 

m—tco 

lim Cipm (x, v) 

m—>-oo 

lim (Cipm) (x, v) 


T ( 0 , 0 ), 

A(p ), 
ip (x, v), 

w (x, v) = Cip (x, v) 
(Cip) (x,v ), 


Proof. We define ip m (x, v) by means of ( 23.3[ ). Using the assumptions in Lemma 23.3 as well 
as Lemma 23.2 we obtain that lim m _ > . 0O ip m (x, v) exists, uniformly in X and: 

(23.9) ip(x,v):= lim ip m (x, v ) = ip (x, v) — (p (0,0) — LFp (x, v) 

ra—>• oo 

with L as in Lemma |23.2 Notice that, using comparison arguments as in the Proof of 
Lemma 


23.2 


we obtain the uniform estimate | ip m (x, x)| < CFp (x, v ) for some suitable C > 0 
independent of m and x + |u| 3 < 1. Moreover, we have ip m (x, v) = o ^x + |u| 3 ^ as (x, v) -A 0. 

we obtain the uniform 


Then E M. with M. as in (121.311). Using Proposition 


21.13 


estimate \ip m (x,v)\ < p(R) if x + |x| 3 = R , with limR_>o ^p- = 0. Then \ip(x,v)\ < p(R) 
































ON THE STRUCTURE OF THE SINGULAR SET FOR THE KINETIC FOKKER-PLANCK EQUATIONS IN DOMAINS WITH BOU 


if x + (up = R, whence if satisfies the last identity in (13.1) and therefore p satisfies (13.1) 


Using then (23.9) we obtain L = A(p) . We then have (23.5), (23.6). The identity (23.4) 


is a consequence of the convergence of {p m } in C (X). The identity (23.7) follows from the 
definition of the operator C in Definition |11.7| since we can take the limit on the left-hand 
side of that formula. Finally (23.8) follows from the fact that CFg = 0. □ 


The closure of the operators Pl a is just a consequence of the two previous Lemmas. 

Proposition 23.4. Let {(p m , be a sequence of C ( X ) x C ( X ) with {p m } C V(Pl a ) 

where Pl a is any of the operators Pl t}SU b, Pl n t,sub, Pl pt , S ub, Pl sup . Assume that {(p m , Pl a p m )} 
converges to (p,w) in C ( X ) x C (X). Then p E V(Pl a ) and w = Cp. 

Remark 23.5. Notice that Proposition 23.4 just means that the operators Pl a are closed. 


Proof. It is an immediate consequence from Lemmas 23.2 and 23.3 


□ 


23.2. 1Z(I — Af l a ) = C ( X ) for A > 0. In order to conclude the Proof of the fact that the 
operators PI& are Markov generators it only remains to prove that 1Z (I — XPl a ) = C (X ) for 
A > 0 small (cf. Definition 18.5). This is equivalent to prove that it is possible to solve the 
problems 

(23.10) (p-XPl a p)=g, geC(X) 

with ip E C (X ) n D (Dfj) foi" £my A ^ 0 small, E 

The definition of the operators Dq- in Section [13] and in particular the choice of domains 
V (Dq-) (cf. (13.2), (13.4), (13.6), (13.8)) allows us to reformulate ( 23. 10|) by means of PDE 
problems with suitable boundary conditions at the singular point (x, v ) = (0,0). More pre¬ 


cisely, the equation (23.10) is equivalent in the case of the four operators Pit,sub-, Pint,sub, Plpt,sub, Plsup 
to the equation: 

(23.11) (ip — \£ip) = g in U , ip € C (X) , ip (0, rv) = ip (0, — v) , u>0 


where ip satisfies (13.1) and we impose the following boundary conditions for each of the 


cases: 


(23.12) p> (0,0) = 5 (0,0) for Plt, su b (cf. (flT^j 

(23.13) A (ip) = 0 for Pl nt , sub (cf. gjTg ) 

(23.14) A/r* |(7*| A (ip) = A (Cip) (0,0) = (ip (0,0) - g (0,0)) for Pl pt ,sub (cf- ( |13.6| )) 

(23.15) No boundary condition at (0,0) for Pl sup (cf. (13.8)) 

The operator Cp is understood as in Definition EEL Notice that the function Cp is 
continuous in U and therefore the conditions (23.12)-(23.14) are meaningful. 


We summarize the result just obtained as follows: 

Proposition 23.6. The problem (23.l(fy with Pl a as one of the operators 

Pit,sub, Pint,,sub, Plpt,sub, Plsup 


is equivalent to solving the PDE problem (23.11) in the class of functions p E C (X ), with 


Cp E C (X) with the boundary conditions (23.12), (23.13), (23.14) and (23.15) respectively 


and where the operator is understood as in Definition 11 .7 


We now consider the solvability of the problem (23.11) with boundary conditions (23.12), 
( |23. 13 ), (23.14). This will be made using suitable adaptations of the classical Perron’s method 
(cf. for instance |19j ) for harmonic functions for each of the specific problems under consid¬ 
eration. To this end, we will use the solution for the Dirichlet problem in admissible domains 
obtained in Proposition |20.2] 

We can now solve the PDE problems stated in Proposition |23.6~ 
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23.3. Operator fit,sub '■ Solvability of (23.11), (23.12). We first solve (23.11), (23.12). 
We will prove the following result: 


Proposition 23.7. For any g £ C (X ) there exists a unique p £ C ( X ) which solves (23.11), 


(23.12). 


Defining a suitable class of subsolutions. In order to prove Proposition |23.7l we need to define a 
suitable concept of subsolution and supersolutions for ( 23.11[ ) , ( |23.12[ ) for which the boundary 
condition at the singular point (0,0) holds. We recall that the space of functions L£° (X) has 

It is worth noticing that the definition of sub/supersolutions 


been defined in Definition 19.1 


which will be made in the following involve also the boundary conditions at the singular 


point, differently from the sub/supersolutions for the operator C in Definition 19.2 where such 


boundary conditions at (0,0) were not included. The sub/supersolutions for the operator C 
in Definition |19.2| are suitable for comparison arguments in admissible domains, while the 
sub/supersolutions defined here are suitable to obtain global results in the domain X, in 
particular well-posedness results. 

Definition 23.8. Suppose that g £ C (X). We will say that a function p £ Lff (X) such 
that the limit lim^^^o.o) T ( x i v ) = </?(0,0) exists, is a subsolution of (23.11), (23.12) if 


p (0,0) = g (0, 0) and for all ip E F (X) (cf. (11.9)) with if > 0 we have: 

(23.16) J (if — XC* (if)) p < J gif 

Given g E C (X ), we will say that p E L£° (X) is a supersolution of (23.11), (23.12) if 
p (0,0) = g (0, 0) and for all if £ IF (X) with if >0 we have: 


(23.17) 


J (if- AT* (if)) p> J gif 


Suppose that W is an open subset of X. We will say that p E (W) is a subsolution of 
1 23.11 ), f 23.12 ) in W if the following conditions hold: (1) If (0,0) E W we have <^(0,0) = 
g (0,0). (2) The inequality (23.16) holds for any function if E F (W) , if > 0. 


A key property of sub and supersolutions of (23.11), (23.12) is the following: 


Lemma 23.9. Suppose that Wi, W 2 are two open subsets of X and that p 1 E L£° (Wi), P 2 £ 
Tfe° (W 2 ) are two subsolutions of \23. 11), (23.12 1) in the sense of Definition 23.8 in their 
respective domains. Then the function p defined by means of p = max {pifpff) in W\ n 
W 2 , p = pi in Wi\ (W 1 H W 2 ), p = P 2 in W 2 \ ( Wi n W 2 ) is a subsolution of \23.11 ), 
(23.12) inW = (Wi U W2) in the sense of Definition 23.8. 

Suppose that Wi, W 2 are two open subsets of X and that p\ £ L£° (Wi), P 2 £ (W 2 ) 


are two supersolutions of (23.11 1 ), (23.12) in the sense of Definition 23.8 in their respective 
domains. Then the function p defined by means of p = min {p\, P 2 } in W\ fl W 2 , p = pi 


in Wi\ (Wi n W 2 ) , p = P 2 in IV2\ (Wi fl W2) is a supersolution of (23.11), (23.12) in 


W = (W\ U W 2 ) in the sense of Definition 23.8 


Remark 23.10. Notice that the functions p\,p 2 are defined only almost everywhere. Nev¬ 
ertheless it is well known that the function max {<^ 1 , P 2 } can be defined as a L^° function 
defined also almost everywhere. 


Proof. We will follow different strategies in order to obtain the subsolution inequality for 
test functions if whose support does not intersect {x = 0} and test functions if with support 
intersecting {x = 0}. Suppose that pi,P2 are two subsolutions as in the statement of the 
Lemma. Suppose that Q (x, v) is a C°° modifier with the form: 

Ce (x,v) = 4 ) ’ £ >°>C>0, [ C = 1, supp(C) C {0 < x < 1, \v\ < 1} 

£ \£ £ ) Je2 
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Given any 5 > 0 we define: 

(23.18) Zg = {(x,v) £ Z : dist ((x, v ), dZ) > 5} 


We fix 6 > 0 and we then define functions <P 2 ,e in the sets (W^),, (W^), (cf. (19.8)) 
with 2e < 5 by means of ipk,e = Ce * Lk, k = 1,2. Given ip £ T ((W^)^) with ip > 0 we have: 


/ ^ (<Pk,e ~ XC(tp k>e ))lp 

J(W?}x 

(ip - A C* (ip)) ip k ,e 

(ip - XL* (ip)) (ip k * Ce) 

(ipe - A (Ce * L* (ip))) ip k 

[ (ipe - A (L* (lp £ ))) tp k -X [ (((e * £* (VO) ~ (C* (Ce * V’))) 




>«)s 




>«)s 






Lk 


It is relevant to remark that the functions ip £ are well defined in the sets (W^ 1 )^ even 
if these sets have a nonempty intersection with the line {x = 0} , due to our choice of the 
modifiers Ce which are supported in the region x > 0. On the other hand, the functions ip £ do 
not belong in general to T ((V\4) 5 ) because the condition ( |1 1.5 ) does not necessarily holds. 
Notice that: 

I (Ce * £* (VO) “ (£* (Ce * V0)l = ICe * W) - vd x (Ce * Ip) \ 

Using then the definition of Ce we obtain: 

/ |Ce * (vd x ip) - vd x (Ce * VO I < Ce [ ip 
J(Wk)s J(wC) x 




where we use: 


ICe * (vdxip) - vd x (Ce * Ip) | dxdv 

[3zCe (x-y,v- w) imp (y, w) - vd x C £ (x - y,v - uu)ip (y, it;)] dydw 
d x Ce (x-y,v-w)(w-v)ip (y, w) dydw 
< Ce 2 f dydwip (y, w) f \d x .C e (x — y,v — w) \ dxdv < — f dydwip (y, w) 

J J(wP), £ J 




'(K)s 




dxdv 


dxdv 


'( w k)S 


Then: 

(23.19) 


/ (ipk,e ~ XL (ip k ,e)) Ip ~ / (ipe ~ X (C* (ipe))) Vk < Ce \\(pk\\ Loo / 


'( W k)6 


'( W kO$ 




Ip 
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Using that <pk are subsolutions in V\4 it then follows that: 


/ 




(<Pfc,£ - A£(99 fci£ ))'i/’ < 


w)i 


g4> + Ce 


'(^)l 


V> 


whence the following pointwise estimate follows: 

(<Pfc, E “ A£(<p fe , £ )) < p + C'e||<p fe || ioo in (W k ) s ,k = 1,2 

We next obtain the subsolution inequality for test functions ip supported in (W±) 5 U ) 5 

for any 5 > 0. Indeed, we can assume that the set {^i,e = <P 2 ,s} H [(W^)^ n (VV^) (5 ] is non¬ 
empty, since otherwise the result would follow trivially. Then, Sard’s Lemma (cf. [41] ) implies 
that, for any e > 0 arbitrarily small, there exists a sequence p n (e) — > 0 as n —> oo, such that 

the curves {<^i £ = p2 e + Pn (e)} C (Wi)« n (W 2 ) s are smooth. These curves separate the 

’ ’ 22 

regions {^i,e > <P 2 ,e + Pn (e)} and {g>\ t£ < <P 2 ,£ + Pn (e)} . We define functions: 

<4 n) = max{^i ie ,</3 2 , £ + Pn(£)} in (Wf)| PI (W^)| 

(23.20) = <pi, £ in (wf) f \ ((Wf) f n(W 2 ± ),) 

</4 n) = V2,e + Pn (e) in (W;f) s _ \ ((Wf) s_ n (W^) 

We then compute: 

W-Arw)# 


(23.21) 


'(Wi ± )ju(n’±) 5 


(Wj t )|\( (Wj t ) s n(w^)| 


U{l/51, e >^2,£+Pn(e)} 


(V> - A£* (VO) <Pl,e + 


+ 


( w ?)a\( (wfUr^w^)* 


(V> - A£* (V’)) (<P2,e + Pn (e)) 

U{cpi, e <<p 2 ,e+Pn (e)} 

Using the fact that the functions pk,e are smooth and integrating by parts we obtain: 

- A£* (V0)<PM 




U{<Pl,e>‘P2 ,£+Pn(e)} 


(w 1 ± )a\( (>v 1 ± )in(w^)5 


(<Pl,e - A£ (<Pi,e))V’ + 


U{<pi, e ><p2,£+Pn(e)} 


-A / [n„<pi, e d ! ;V’ - (n„<%(/?i i£ + vn x ip\ j£ ) ip] ds 

j 9{<Pl,£><P2,e+Pn(e)} 

where n = (n x ,n v ) is the normal vector to 5{<p 1)£ > ^ 2 ,e + Pn (e)} pointing outwards from 
the domain {^i, e > <p 2 ,e + Pn (e)} • Using a similar argument to compute the last integral in 
(23.21) we obtain, after some cancellations of terms in the boundary d {<pi j£ > <p 2 ,e + p n (e)} : 


i 


(nf) u(w±) 


'(Wi ± )| u (W 2 ± )| 


+A 


'0{<Pl,e><P2,e+Pn( e )} 


(V’-Ar (vo)v4 n) 

(# } -Ar (#>))v> 

[3„<pi i£ - <9„ (<p 2 £ + Pn (e))] V^s 
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where n is the same normal vector as before. Using the pointwise inequality (23.19) as well 
as the fact that, n v d v <p i i£ < n v d v (p>2e + Pn (e)) we obtain: 

(23.22) 


'(Wi t ) 5 u(w^) 5 


('iJj-XL*(ip))p^>< f gip + Ce\\p k \\ Laa f 


(Wi )«u(wf U 




for any ip £ T ((W^), U (VV^),) with ip > 0. Notice that these functions might be different 
from zero in the line {x = 0} if ((VV^)^ U (W±) 5 )n{x = 0} / 0. However, they do not satisfy 
the condition (11.5) because by definition, these functions are only defined in {u > —x} or 
{v < x} . 

We now use Lebesgue’s Dominated Convergence Theorem to take the limit e —> 0 in 
(|23.22). Therefore, using also the fact that <5 can be chosen arbitrarily small, we obtain: 


(23.23) [ (iP - XC* (VO) <P < [ # 

Jwt UWf JWf UWf 

where ip G T (Wf U VWf ) with ip > 0 and supp (ip) n {x = 0} = 0. 

It only remains to extend the validity of (23.23) to arbitrary functions ip E T (Wi U W 2 ) 


with ip > 0 (which in particular satisfy (11.5)). To this end we use Proposition 19.3 which 


proves the existence of traces for subsolutions for the operator C. Since p\,p2 are subsolutions 


(23.11), (23.12) and they are bounded, we obtain that (— pi ), (—P2) are supersolutions 


of £(•) + « for a suitable constant k in the sense of Definition 19.2 and any admissible 
domain E c V\4 with k = 1,2 respectively. Therefore we can define pi,p 2 in the sense of 
traces (see Remark 19.4) at {x = 0} as x — > 0 + for v > 0 and v < 0 respectively. We will 


denote these limits as p kt +,pk- with k = 1,2. Notice that these functions are in the spaces 
L°° ({x = 0, v > 0}) and L°° ({x = 0,u < 0}) respectively. Moreover, we now claim that: 

(23.24) tpk,+ (0, rv) > ipk (0, — v) , a.e. v > 0, (0, v) £ {x = 0} n Wk , k = 1,2 

The inequality (23.24|) is equivalent to 


(23.25) f <Pk,+ ( 0 , r-) ((■) > f ^ fc _ (0, —)C(0 

J {u>0} J {ti>0} 

for any C = C ( v ) > 0, ( £ C 

implies that lim a ._ K) + f {v>0} p ki ± (x, r-) ( 


tion 


19.3 


({n > 0}). To prove (23.25) we argue as follows. Proposi- 
= J {v>0} <Pk,± (0, r-) C (•) • We construct 
a function ip £ T (Wk) as follows. We define a function 77 = 77 (f) with e > 0, 77 £ 

C°° ({x > 0}), if < 0, 77 (x) = 0 if x > 1, 77 (0) = 1. We then define ip (x,v) = 
for v > 0 and ip (x, v) = ——for v < 0. Notice that r 2 ?/> (0 + , ru) = ip (0 + , —v) = 


for v > 0. Therefore ip £ T (V\4) (cf. (11.9)). Integrating by parts in (23.16) 


/ (ip - XD 2 ip - XvD x ip) p k + A / 

J{a:=0,ri>0} 


ck) 


rv 


+ A 


C (u) f 

v<Pk— —;— r < / gw 


J {x=0,t)<0} 

Taking the limit £ -A 0 we obtain f / {x=0) „ >0} </hc,+C (7 ) - f{ x= 0 , v <o} ( Pk-CH > 0, whence , 
after using the change of variables - —> • in the first integral we obtain (23.25) whence (23.24) 
follows. 

We now claim that it is possible to define the limit values p+ = p (0 + , v ), p- = (p (0 + , —v) 
for v > 0 in the sense of traces, with p = maxj^i,^}. Indeed, this is a consequence 
of the fact that p satisfies the subsolution inequality ( 23. 16| ) for any test function ip > 0 
with supp (ip) n {x = 0} / 0. Therefore, the argument yielding Proposition 19.3 implies the 
existence of p+, p-. 
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We now use Lemmas |1 9. 6[ 19.10 as well as the inequalities (23.24) to prove that: 

(0, —v) = max{^ (0, -v) ,tpf (0, —u)} 

< max (0, rv ), tp\ (O’ rv )} — (max{<^i (0, rv ), <f 2 (0, ru)}) + = tp + (0, rv) 


for a.e. v > 0. We can then argue as in the derivation of (23.24) to show that tp satisfies 


also the subsolution inequality at the line {x = 0} . This shows that tp is a subsolution and 
concludes the proof of the result. □ 

The main idea in Perron’s method is that it is possible to construct a solution of the problem 
if we can obtain one subsolution tp sub and a supersolution </? sup satisfying (p sub < <^ sup . Such 


sub and supersolutions can be easily obtained in the case of the problem (23.12), (23.13) and 
Definition 123.81 


Lemma 23.11. For any g £ C ( X ) there exist at least one subsolution tp sub and one super¬ 


solution tp snp in the sense of Definition \23.8\ such that: 

(23.26) tp sub < tp sup 

Proof. Let \g\ < \\g\\ Loo{x) and let <^ sup = min jg (0, 0) + KFp + ||c/|Il~(x) ^ Ilfl'IL-pf)} > 

tp sub = max jg (0,0) — KFp — Ilgll^oopQ S,— H^H^oopf)} ; where S (x,v) is a super-solution 
with CS = 1, constructed in Lemma |21.1 and K > 0 must be determined. We have that 
g (0,0) + KFf-j (x, v ) + S (x, v) > 0 in a neighbourhood of the singular point which 

will be denoted as Wi, if we take K > 0 sufficiently large. Moreover, this function is a 


supersolution of (23.11), (23.12) in Wi by construction. On the other hand ||<7||£oopn a 


supersolution of ( |23.1ip , ( |23.12p in an open set Wo such that W’iUW 2 = X and WinW^ 0. 
Therefore ip snp is a supersolution due to Lemma 23.9 To prove that (p sub is a subsolution we 
use a similar argument. 


□ 


We define the following subset of L£° (X) : 


Definition 23.12. Suppose that Lp sub , y ? sup are res pective ly one subsolution and one super- 
solution in the sense of Definition 23.8 satisfying (23.26). We then define Q su b C L£° (X) 


as: 


p sub-solution of (23.11), (23.12) 
in the sense of Definition 23.8 p sub < ip < p sup 


(23.27) G sub = | p€L^ ( X ) : 

Notice that we have: 

Lemma 23.13. The set Q sub is closed in the weak topology, defined by means of the func¬ 


tionals £0 (tp) = f x tpif with if E T (X) (cf. (11.9)). 


Proof. It is just a consequence of the definition |23.8[ as well as the fact that the inequalities 
tp sub < tp < y? sup are preserved by weak limits. □ 

Remark 23.14. We recall that the bounded set G su b endowed with the weak—* topology is 
metrizable(cf. [10),). We will denote the corresponding metric as dist *. 

The following Lemma will be useful in order to show that the supremum of the set G su b 
can be obtained by means of limits of subsequences. 

Lemma 23.15. There exists a countable and dense subset Q sub of Q sub in the weak topology 
in Lemm,a T23.13l 
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Proof. We will prove the result by showing that there exists a countable subset of Q su b 
which is dense in the L 2 oc ( X ) topology. Since the test functions in T (X) are compactly 
supported, this is enough to prove the required density property in the weak topology. We 
find a countable subset Q su b of Q su b by using the fact that L 2 ( K ) is separable for any compact 
subsets K: Choose a sequence of compact sets {K n }(( =1 such that X = U ^ =l K n , K n C K n+ \. 
For each K n , L 2 (K n ) = U^ n=1 B 1/n (f kN ), where fk N £ L 2 {K n ), k N = 1,2,... and the 
distance is measured in L 2 norm. Then we choose one element from each Bi/n (fk N ) if 
Q su b fl Bi/ n (fk N ) is nonempty and choose none if Q su b H Bi/ n (fk N ) is empty. This selection 
can be made for each N = 1, 2, 3,.. and then for n = 1,2, 3...We call this subset Q su b- This 
set is countable and dense in Q su b in L 2 norm. This completes the proof. □ 

Next we show that the set Q su b is closed under the maximum function. 


Lemma 23.16. Let pi,p 2 , Pl £ Qsub with L < oo and Q su b as in Definition 2f.8 . Define: 

P := max{p 1 ,p 2 ,—,Pl} 

Then p 6 Q sub . 

Proof. It is just a consequence of Lemma 23.9 □ 


We want to give a definition of the largest subsolution in the set Q su b ■ Given that the 
functions p in Q su b are not defined pointwise we cannot just take the supremum sup^ p. 
However, the function that will play the role of such supremum is the following. We can 
assume that the countable family Q su b constructed in Lemma 23.15 is {<£>j} . gN . We then 
construct the following finite families of subsolutions: 


Qsub{M) = {p j }f =1 

and we then define the following function which will play the role of supg p : 

(23.28) </?* = lim max p 

M—>oo g sub (M) 

Notice that ma ^g sub (M) T is the maximum of a finite number of functions and therefore is 
a well defined quantity. On the other hand, the sequence {ma ~x.g sub (M) p} is increasing in M 
and uniformly bounded by </? sup , therefore the limit on the ri ght-ha nd side of (23.28) exists 
and then also in the weak topology defined in Lemma |23. 13 
Our next goal is to show that p* is the desired solution of the problem (23.11), (23.12). 


in L lc 


To this end we need an auxiliary result, namely the solvability of the Dirichlet problem in 
the admissible domains defined in Definition ma with boundary values in the admissible 
boundaries. 


End of the Proof of Proposition 23.7 The following result will be used to prove that if a 
subsolution is not a solution of (23.11), (23.12), it is possible to construct a larger subsolutions. 


Lemma 23.17. Suppose that p is a subsolution of (23.11), (23.12) in the sense of Definition 
Let E be any admissible domain in the sense of Definition 12. 1\ contained in X. Let us 


23.8 


denote as h the boundary values of p in d a E obtained from the interior of E (cf. Proposition 
19.3). Let p be the unique solution of (20.1), (20.2) obtained in Proposition 20.2. We 


construct a function $ by means of: 


(23.29) 


$ = ( v, (*, v ) i 

p, (x,v) <E E 


Then is a sub-solution of (23. 11), (23. 12) in the sense of Definition 23.8 
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Proof. It follows using some arguments analogous to those in the Proof of Lemma 23.9, and 
therefore we will skip the details of the proof. Notice that the function $ is larger than (p in 
5. Therefore the contribution of the terms arising at the boundary of E in the definition of 
subsolution, including at the possible points of discontinuity of 4>, have the sign required for 
<J> to be a subsolution. □ 


End of the Proof of Proposition 23. 7[ We define p : 
pointwise a.e in X 


as in (23.28) 


The limit in (23.28) is 

Due to Lebesgue’s Theorem it then follows that pm converges to p* in 


the weak topology introduced in Lem ma 23.13| Applying this L emma , as well as the fact 


that the definition of G su b ( cf. ( 23.27)) and p sub , <^ sup (cf. Lemma 23.11) it follows that p* is 
a subsolution of (23.11), (23.12) with p * £ Gsub- This implies that v = — (p* — XL ( p *) — g) 


defines a nonnegative Radon measure. If v = 0, it follows that p * is a solution of (23.11), 


(23.12) and the Proposition would easily follow. Suppose then that i^/0. Then, there exists 
an admissible domain E C X such that v ( S ) > 0 with S = j(x, , u) : dist ((x, v ), 95) > j 


with d( E) as in (20.7). Suppose that p is the unique solution of ( |20.1 ), (20.2) obtained 
in Proposition 20.2 where h is the trace of p* in <9 a E obtained from the interior of E. We 


(23.11 

), ( 

23.12 

) in the sense of Definition 

23.8 


Lem ma 23.17 implies that $ is a subsolution of 

G Gsub we have 


On the other hand, since p * 
h < p sup on <9 a 5, where p sup is unders tood in 9 a E in the sense of trace from the interior of 

( sup 


E. Then p < (^ sup due to Proposition 


20.6 


whence $ < 


S P 


Therefore 4> £ Gsub- Due to 


Lemma 20.4 and using that v (S) > 0 we have that 4? > p* + 5 for some 5 > 0 in an open 
subset of E. Since p* > pj for any pj £ Gsub with G S ub as hr Lemma 23.15 it then follows 
that dist * {&,G S ub) > 0, where dist * is the metric associated to the weak—* topology used 
in Lemma 23.13 (cf. Remark 23.14). However, Lemma 23.15 implies that Gsub is dense in 
Gsub iu the weak—* topology, and therefore this gives a contradiction. Then u = 0 and thus 
p* — XL (p*) — g = 0 in the sense of distributions. Since p* is bounded, we can use Theorem 


12.4 


to prove that p * £ W 1,p (U) in any bounded set U C X whose closure does not intersect 
(0,0) and any 1 < p < oo. Therefore p* is continuous away from the origin. Since p* £ Gsub 
it also follows that p * is continuous at (0,0). It remains to check that p* is also continuous at 
the point oo. Notice that our choice of sub/supersolutions imply that |<£>*| < ||<?||£oopn • We 
can now prove that p* (x, v) —> g (oo) as (x, v) —> oo as follows. In any large domain contained 
in the regions {u > 0} or {u < 0} we then obtain, using parabolic theory, that p* converges to 
g (oo). Indeed, in the case of {v < 0} we just integrate the parabolic equation in the direction 
of increasing x and it readily follows that p* (x, v) approaches to g (oo). If {u > 0}, we argue 
similarly, but with decreasing x. It then follows also, due to the boundedness of |<£>*| that p* 
converges to g (oo) if |(x,u)| —> oo and v —> oo. Therefore p* (x,v) -> g (oo) if |(x,i>)| —> oo 
and |u| —> oo. In order to prove the convergence for x —> oo and |u| bounded we argue as 
follows. After substracting from p* quantities like g (oo)±e, with e > 0 it follows that we only 
need to show that for large admissible domains E with bounded values of ij} at the admissible 
boundary 9 a E and ^ satisfying ip — XL (ip) = 0 we have \ip (x, u)| small if the size of 5 tends to 
infinity and the distance from (x, v) to <9 a E tends to infinity too. This follows from instance 


from (20.5) using the fact that r (5) tends to infinity for the points under consideration with 


a large probability, and estimating the remainder by the small probability of having t (5) of 
order one. 

Therefore p * (oo) = g (oo) and the result follows. □ 


24. Operator £l n t,sub- Solvability of (23.11), (23.13). 


We now argue as in the previous case in order to show that the problem (23.11), (23.13) 


can be solved for any g £ C (X). The main difference arises in the analysis of the behaviour 
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of the solution p in a neighbourhood of the singular point (0,0) and in particular showing 


that (23.13) holds. The key point will be to show that for the maximum of a suitable family 


of subsolutions Q su b , we have that A (p) is well defined and A (p) > 0. If A (p) > 0, it turns 
out that it is possible to construct a larger subsolution in the family Q su b- This contradiction 
will imply A (p) = 0. 


Several arguments needed to prove the solvability of the problem (23.11), (23.13) are similar 


to the ones in the previous Section. We will emphasize just the points where differences arise. 
The main result that we prove in this Section is the following. 


Proposition 24.1. For any g E C ( X ) there exists a unique p E C (X) which solves (23.11), 


(23.13). 


We will prove Proposition 24.1 using a method analogous to the proof of Proposition |23. 7 


However we need to define a different class of subsolutions, which allows us to identify the 


boundary condition (23.13). The main novelty is that the test functions might have a power 


law singularity near the singular point (x, v ) = (0,0). 

Definition 24.2. Suppose that g E C (X). Let ( = ((x, v ) be a nonnegative C° 


test function 


supported in 0 < x + |u| < 2, satisfying ( = 1 for 0 < x + |u| < 1. We will say that a 


function p E L£° (X) is a subsolution of (23.11), (23.13) if for all if with if > 0, ip (0, —v) = 
r 2 ip (0, rv ), v > 0 and having the form ip = QfG^ + ip where ip E C°°, 9 > 0 with G 7 as in 
(4-3), 7 £ { — |,a} and with ip supported in a set contained in the ball |(x,u)| < R for some 
j i > 0 we have: 


(24.1) 


/«■ 


- {ip)) p < / gip 


Given g E C (X), we will say that p E L£° (X) is a supersolution of (23.11), (23.13) if for 
all %p with the same properties as above we have: 


(24.2) 


/«■ 


- (VO) p> gf> 


Notice that there are two differences between the Definitions 123.81 and 124.21 In this second 
definition we do not impose p (0, 0) = g (0,0). On the other hand, we have a larger class of 
admissible test functions in Definition 24.2 Notice that the integral on the left hand side 
of (24.1) is well defined in spite of the singularity of G 7 near the singular point because 
C*(G^) = 0. 


Our next goal is to prove the analogous of Lemma 23.9 for the operator Q n t S ub ■ This will 


require to prove that it is possible to define in a suitable sense the quantity A (p) (cf. (13.1)) 


for sub or supersolutions in the sense of Definition |24.2 
limit as 5 


This will be made by means of the 


0+ of the quantity T (6) defined in the next Lemma. 

Lemma 24.3. Let g E C (X) and p be a subsolution of (23.11), (23.13) in the sense of 


Definition 2f.2. Let: 


(24.3) 


T (5) = / ( n v G a d v p — n v d v G a p + vpG a n x ) ds 

JdTls 


which is well defined in the sense of Traces (cf. Remark 19.f). Here n = (n x ,n v ) is the unit 
normal vector pointing toward 1Z$. Then the limit lim 5 _> 0 + ^ (<5) exists and we have: 

lim T (<5) < 0 

<5—>0+ 

Let p = —p + \C (p) + g. Then p > 0 defines a Radon measure in X\ {(0,0)} satisfying: 


(24.4) 




G a pdxdv < oo 
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Proof. Using test functions if > 0, with support disjoint from (x, v ) = (0, 0) we obtain that 
( |24.1 ) implies the existence of a measure g > 0 such that: 

(24.5) — p + A C (p) + g = g > 0 

Notice that part of the support of g can be contained in the line {x = 0} . Notice that it 
might be possible to have g (M + xR) = oo. 

Suppose that p is a subsolution of (23.11), (23.13) in the sense of Definition 24.2 Mul¬ 
tiplying (24.5) by G a and integrating in domains lZs 2 \]Zs 1 with 8 \ < 82 as well as the fact 
that the traces of the function p and some of the derivatives d v p exist, we obtain: 

-’P (<S 2 ) + ’P (<Ji) 


If If 1 

(24.6) = — G a gdxdv + — / G a pdxdv — — 

x Jn S 2 \n h A Jn., r :\n,. A 


'R-s 2 \R.s 1 


''R-S 2 \'R-5. 


G a gdxdv, 


where '■I' (5) is as in (24.3). Notice that the existence of the traces of p, d v p in the required 
boundaries dlZs 1 , dlZ$ 2 due to Proposition 19.3 Notice that the proof of (24.6) must be made 
approximating the characteristic function of the domain lZs 2 \lZg 1 by smooth functions and 
taking the limit. Combining (24.6) with the fact that g > 0, and p and g are bounded 
implies: 


(24.7) 


- ($ 2 ) + (£ 1 ) > 


Gadxdv 


i 'R-$ 2 \'R.s 1 


We can compute the integrals G a dxdv. Indeed, using Proposition 
obtain: 

[ G a dxdv = f x a <5>( ~\dxdv = A8 z{1+a)+1 

Jn 5 Jn 5 


4.2 


and (4.27) we 


9x ) 


where A = f^dv j 0 * x°A> d x. It is readily seen that 0 < A < 00 and also that 

3 (1 + a) > 0. The inequality (24.7) then implies that the function T (£) — c ' y W(i+ a)+1 i s d e _ 
creasing. Then the limit lim^^ 0 + (£) — ^ 3( ^ >+ ^ exists, whence the limit lim^_ >0 + ^ (£) 

exists too, where the value of this limit might be 00 . Our goal is to show that: 


(24.8) 


lim T (£) < 0 
< 5 ^ 0 + 


We will consider separately the cases lim 5 ^ 0 + ^ (£) < 00 and lim^^ 0 + ^ (£) = 00 . Suppose 
first that lim^ 0 + ^ (£) < 00 . Using (24.6) with 8 2 = 1, and taking the limit £1 —X 0 we 
obtain: 


—T (1) + ^ (0+) 

1 1 G a gdxdv + 1 


G a pdxdv — — 


G a gdxdv. 


^ Jn i\{(o,o)} A J 7^i\{(o,o)} A i^i\{(o,o)} 

The boundedness of p implies that 0 )} G a pdxdv = G a pdxdv is also bounded. 

Then, using the fact that g > 0 and G a > 0 we obtain: 


(24.9) 


0 < / G a gdxdv < 00 

J fti\{(0,0)} 


We now argue as follows. We choose a test function if = G a £, with £ = 1 in 1Z$ and £ = 0 
in X\1Z25, with 8 > 0, £ > 0. Using Definition 24.2 we obtain (24.5). Notice that L* (if) is 
integrable near the origin and p is bounded. Then: 

(24.10) [ ((if - A C* (if)) p — gif) = lim [ ((if - XL* (if)) p - gif) 

J Jx\Ti s 
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Integrating by parts and using (24.5), (24.3) we obtain: 


((ip-XL* (ip)) (p- gip) 

I X\1Z 5 

= X (n v G a d v ip — n v d v G a ip + vipG a n x ) ds + 

JdTls 


f ippdxdv = A4' (d) — f 

Jx\Tl s Jx 


ippdxdv 


x\n s 


Using Definition 24.2 and (24.10) we arrive at: 

A4' (5) — / ippdxdv 

Jx\Tls 


lim 

<5—>0 


< 0 


and (24.9) yields lim^o fx\n s Tppdxdv = 0, whence (24.8) follows if lim 5 _ > , 0 + d 1 (<5) < oo. 

Suppose now that lim ( 5 _ > o+ d' (<5) = oo. Then d! (5) > 0 can be made arbitrarily large for 
6 small. We consider test functions with the form ip = G a £, where £ > 0 is a function 
which takes constant values in each set dlZ p for each p > 0. Moreover, we will assume that 
£ = £ (p) satisfies £' (p) < 0 for p small, and £' globally bounded. We will assume that £ is 
constant for small p, whence ip is an admissible test function. We have f (ip — A L* (ip)) tp = 
lirn^o fx\R s ~ ^ * (VO) L- Integrating by parts we obtain: 


/ (ip — A L* (ip)) ip = —A / n v D v ipipds 

Jx\R s JdTls 


>x\n s 


(ipip + A (DyipDyif + vD x ip<p)) 


Using then that ip = G a £ we rewrite this expression as: 

[ (ip- A L* (ip)) p 

JxXRs 

= —A / n v ( tpD v G a + G a D v £) <pds + 

JdTls 

+ / (Tpip + A (tpD v G a D v ip + G a D v !pD v (p + vD x G a f;(p + vG a D x ^<p)) 
Jx\Tls 

We now use that D vv G a = vD x G a to rewrite this formula as: 

[ (ip- XL* (ip)) ip 

Jx\Tl s 

— A / fiy (P,DvG(x 4“ G(yDypP) ipds + 

JdTls 

+ I (ipip + A (tpD v G a D v ip + G a D v £D v (p + D vyGr a £tp + vG a D x £tp)) 
Jx\Tis 

Then, integrating by parts in the term containing D vv G a we obtain: 


>x\Tl s 


(ip - XL* (ip)) p 


A / Tly (^DyGyy T G(yDy^) ipdS ~\~ X I Tly^DyG(y(pdS T 


'dTls 


'dTls 


+ 


/ (ipip + A (£D v G a D v ip + G a D v £D v ip - D v G a D v (£ip) + vG a D x £ip)) 


x\Ti 6 
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whence, after some cancellations and rearrangements of terms: 

(24.11) f {ip — XL* {ip))ip = —X [ n v G a D v £pds + [ {ipip + XQ) 

JX\R S JdTZs Jx\r s 

where: 

Q — D v ^ [G a D v ip D v G a p\ T vGaDx^,^p 
We now use the following Fubini’s like formula: 


(24.12) 


>x\n s 


{ipp + A Q) = 


>x\n s 


iptp + A / dp 


I an a 


JpQdSf, 


where ds p is the arc-length in dlZ p and J p is obtained by means of the formula: 


1 f 

lim — / udxdv = 

h ^° h Jn p+h \n p 


'an 0 


J p iods p 


for any continuous test function ui. It is readily seen that the function J p is well defined by 
means of elementary arguments. Moreover, it is given by: 


Jp — 


f 

x G 


v = —p 

r 

x G 

[ 0 ,/] , 

<2 

II 

CO 

to 

x = 

p 3 , -p 

< v < rp 


On the other hand, using our choice of £ we obtain: 


D x £ = 


e (p) : 


3 p 2 


if — x < v 6 < r 6 x , D x £ = 0 if v 6 < — x or v 6 > r 6 x 


D v £ = — (p) if v 3 < —x , D v £ = r(p) if v 3 > r 3 x , D v £ = 0 if — x < v 3 < r 3 x 
Then, using also that the normal vector (n x ,n v ) points towards 1Z P we obtain: 

d p Q ^ (p) [fly [G a Dyip DyG aP\ T V(pG a Tlx\ 

Using this formula in (24.11), ( |24. 12 ) we obtain: 

f {ip - XL* (ip)) <p = -A f n v G a D v £ipds + f ipp - 
Jx\n s Jan s Jx\n s 

poo p 

-A / £' (p) dp / [n v [G a D v p - DyG a p] + vipG a n x \ ds p 

Js Jdn p 


whence, using (24.3) as well as the fact that {p) = 0 if p is sufficiently small, we obtain: 

p p poo _ 

/ {ip- A L* {ip)) p = ipip- X f ip) ^ ( P) dp 

Jx\n s Jx\n s Js 

if 5 is sufficiently small. Notice that T {p) is unbounded as p —> 0. Choosing Ip' {p) < 0 for 
small p, but globally bounded we can make — J s £' {p) T {p) dp sufficiently large. On the 
other hand, we have lirn^o f X \ n s — A£* {ip)) p = f {ip — XL* {ip)) ip < f gip < C and 

— Jx\tz s ^P — C f° r some suitable constant C independent of 6. Then: 

poo OfJ 

-J t'{p)*{p)dp <^ 

for any £ > 0 bounded. However, as indicated above, it is possible to choose £, <5 yielding 

— J 5 °° £' {p) T {p) dp arbitrarily large with £ > 0 bounded. This contradiction then yields 

lim ( 5 _>o+ T (d) < oo whence the Lemma follows. □ 

We will show now also that it is possible to define the limit value p (0, 0) for sub/supersolutions 
in the sense of Definition 24.2 This will be made by means of the limit as <5 —> 0 of the quan¬ 
tity H {5) defined below. 
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Lemma 24.4. Assume r < r c . Let g E C ( X) and p a subsolution of (23.11), (23.13) in the 
sense of Definition \2f.j\ Suppose that the normal vector (n x ,n v ) points towards IZs- Let: 

H (5) = / ( n v G_ 2 d v p — n v d v G_ 2 ip + vpG_ 2 n x ) ds 

J&n s v 3 3 3 / 


which is well defined in the sense of Traces (cf. Proposition 19.3). Then the limit lim 5 _> 0 + H (5) = 
H (0) exists. We also have: 

H( 0) 


(24.13) 


Urn p ( 6 3 x , Sv) = - r 

5 - 5 - 0 + 9 3 


lo g(r) + ^ 


= ^( 0 , 0 ) 


in L^ oc for some p > 1. 

Proof. We use in Definition 


24.2 


the test function if = fG_ 2 where f = 1 for (x,v) E 


Ks 2 \Jl 5l and £ = 0 otherwise. We then obtain: 

—H ( 62 ) + H (<5i) = — f G_ 2 pdxdv + 

A Jns 2 \n Sl 3 


+ 


l 'R'5 2 \R.6 1 


G _2 pdxdv — 


G _ 2 gdxdv 


'Tls^Tls, 


Using (24.4) combined with the fact that a < — | we obtain 0 < j G _2 pdxdv < 

C ((^ 2 ) 6 for b = —2—3a > 0. Then, using the boundedness of tp and g we obtain |H (S 2 ) — H (5i)| < 
C (52 ) b ■ Choosing 8 \ = and iterating, we obtain that the limit lirri^o H (5) exists and it 
is bounded. 

In order to prove the convergence of p$ (x, v) = ip (5 3 x, Sv ) we notice that the functions 
ps satisfy: 

- S 2 ps + A £ (ip s ) + S 2 g 5 = ps 


(24.14) 

where: 


ps (x, v) = S 2 p (5 3 x, Sv) and gs (x, v) = S 2 gp (5 3 x, Sv) . 


Notice that ( |24.4[ ) yields: 

[ G_ 2 psdxdv < C (S) b 

Jk!\{( 0 , 0 )} 3 

The measures ps converge to zero in the weak topology in compact sets. On the other hand 
we have: 

H (5) = / [n v G_ 2 d v ps — n v d v G_ 2 ps + vpsG_ 2 n x ) ds 

Jon 1 V 3 3 3 / 

The functions ps are bounded. Taking suitable subsequences we obtain convergence to a limit 
p in the weak topology. Taking the limit in (24.14) we obtain that <p solves the following 
equation in the sense of distributions: 

C(p) = 0 

The traces of the functions p§ at the boundaries of dlZ± are defined uniformly in S, in the 
sense that the derivatives of the integrals of ps in vertical lines (and horizontal lines with some 
derivatives), have uniformly bounded derivatives (in L l norms), with derivatives converging 
to zero as 5 —> 0) (cf. Lemma 19.11). Then, we can take the limit of H (<5) to obtain: 
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Moreover, the same argument implies that dp satisfies ( |11.1[ ). The point (iv) in Theorem 21.2 
then implies that dp is constant (since it is bounded). We will denote this constant as p (0, 0). 


Due to (24.15) the limit is independent of the subsequence and we obtain, using (|4.28|): 

H (0+) = -9§<y?(0,0) 


7T 


lo g (r) + -j= 

The convergence takes place in LP for some p > 1, due to the regularizing effects for 

□ 


hypoelliptic operators in Theorem 12.4 


The following computation shows that the subsolutions of (23.11), (23.13) in the sense of 


Definition 24.2 with the asymptotics (13.1) must have a restriction on the sign of A(p ). 


Lemma 24.5. Suppose that p is a subsolution of (23.11), (23.13) in the sense of Definition 


24-2. Let us assume also that <p satisfies (13.1). Then: 


(24.16) 


lim T(<5) = C*A (p) 

< 5 —> 0 + 


where 4'(<5) is as in (24.3) and C* is as in Proposition 10.3. Moreover, we have A{p) > 0. 


(24.3) as: 


Proof. Taking the limit <5 —> 0 and using (13.1), we can approximate the right-hand side of 


A (p) / [n v G a D v Fp — n v D v G a Fp + vFpG a n x ] ds -A C*A (p) as 6 —> 0, 

J&R S 


where we have used (10.11). This gives (24.16). We recall that (7* < 0, and since p is a 


subsolution of (23.11), (23.13) in the sense of Definition 24.2, by Lemma 24.3, we obtain that 
A {p) > 0 whence the result follows. □ 

Lemma 24.6. Suppose that W\, W 2 are two open subsets of X and that p\ £ Lg° (Wi) , P 2 £ 
L£° (W 2 ) are two subsolutions of 1(23.11), (23.1 Sty in the sense of Definition 24-2 1 in their 
respective domains. Then the function p defined by means of p = max {p\,p2j in Wi n 
>V 2 , p = pi in Wi\ (W 1 n W 2 ), p = P2 in W 2 \ ( VVi H W 2 ) is a subsolution of [23. 11 ), 
(23.13) inW = (Wi U W 2 ) in the sense of Definition 24-2. 


Suppose that Wi, W 2 are two open subsets of X and that p\ £ (V\4), P 2 £ L£° (W 2 ) 

are two supersolutions of (23.11\ ), (23.13) in the sense of Definition 24-2 in their respective 
domains. Then the function p defined by means of p = min{</?i, pfi\ in W\ n W 2 , p = pi 


in Wi\ (Wi n W 2 ), p = P 2 in W 2 \ (Wi PI W 2 ) is a supersolution of (23.11), (23.13) in 


W = (W 1 U W 2 ) in the sense of Definition 24-2 


Proof. It is enough to prove the result for subsolutions, since for supersolutions the argument 
is similar. We recall t hat w e use test functions with the form = 9QG a + where if £ C °°, 
9 > 0 with G a as in (4.8). If 9 = 0 and the support of does not intersect the singular 
point the inequality (24.1) follows arguing exactly as in the Proof of Lemma 23.9, On the 


other hand, since p is bounded, we can use a limit argument as well as the fact that the 
contributions of the integrals f C* rip) p in the region close to the origin are small if (f is 
smooth near the singular point to prove (24.1) for £ C°° compactly supported. The only 


difficulty is to derive the inequality for = 9(G a + with 9 > 0 and () as in Definition 24.2 
We will assume in the following that 9 = 1. 

We define p = max{^i, <^ 2 } • We need to prove that f (fj — XL* (fi)) p — f gib < 0 for 
as above. Notice that: 


/ (VO) T - [9^= lim / (V> - (VO) V - f 

J J e^o+ Ux\R, J x 




tx\n s 





































































ON THE STRUCTURE OF THE SINGULAR SET FOR THE KINETIC FOKKER-PLANCK EQUATIONS IN DOMAINS WITH BOU 


Integrating by parts and using Proposition |19.3| we obtain for e > 0: 

[ (V> - xc* (VO) p - [ a V> 

Jx\n e Jx\n £ 

= A / ( n v G a d v p — n v d v G a p + vpG a n x ) ds + 

JdTlr 


' &n s 

+ [ ip{p- XL {ip)) - [ gip 
Jx\n £ Jx\n e 


We have that {ip — XL {ip)) — g < 0 in the sense of measures as it might be seen arguing as 
in the proof of Lemma 23. 9| in sets which do not contain the singular point (0, 0). We then 
obtain: 


(24.17) 


{n v G a d v ip — n v d v G a ip + vipG a n x ) ds 


f n £2 \JZ. £ 


{g-ip) G_ 2 


Si < s 2 


/ {ip — XL* (VO) P~ # < X 
' x\tz e Jx\n £ Jdn £ 

We now need to examine the sign of the right-hand side of ( 24.17| ). To this end we hrst 
prove the existence of ip (0, 0) in some suitable sense. Using that — p = {ip — XL {ip)) — g < 0 
we obtain, after multiplying by G_ 2 and integrating by parts in the domain R £2 \ R, £l with 
£1 < £2 sufficiently small: 

$ (e 2 ) - $ (ei) < [ 

Jn, 

where: 

(e) = A / \n v G_-id v p — n v d v G_ 2 p + vpG_ 2 n x ) ds 

Jdn e V 5 5 5 > 

and where n is as usual the normal vector pointing towards the origin. It then follows that 
(e) + Ce is decreasing for a suitable constant C and e sufficiently small. We have now 
two possibilities, either lirm^o 4> (e) = 00 or lim £ _ > o $ (e) < 00 . We now claim that the 
first possibility contradicts the boundedness of ip. Indeed, to check this we argue as follows. 
Suppose that lim £ _ > o (e) = 00 . We define p = ip + R — m where m = sup 7 ^ 1 {ip + R) and 
where R satisfies —A L{R) < \\g — pW^ in order to have —A L{ip) < —p. Notice that R can 
be chosen as a quadratic function in v near the singular point as in Lemma 21.1 Then <p < 0 
in 1 Z\. We define a sequence pk = A? \i? pG_ 2 . We remark that lim £ _>.o 4) (e) = 00 

J /c 2 _k \ ( fc + 1 ) 3 

is equivalent to pk = 00 . Notice that: 

—XL {ip) < —p 

We can obtain an upper estimate for ip as follows. We define functions pg as the solutions of: 
XL {pg) = PXn 2 _ ( \iz. 2 _ (f+V) in W™ , £ + 1 < m , £ > 1 
pg = 0 md a {ni\n 2 -m) 

Since ^ < 0 we can compare with the function ipg which solves: 

XL {pg) = PXn 2 _ e \n 0 _ (e+1) in \ K 2 -V+V > ^ + 1 < m > ^ > 1 

Pi = 0 in 9 a (U 2 -(i-i) \ ^ 2 -(<+ 2 )) 

Then ipg < pg in 77 2 -u-i) \ TZ 2 -P+ 2 )- Proposition 20.6 combined with a rescaling argument 


yields pg < —copg in dlZ 2 -e f° r some co > 0 independent on l. Then ipg < —copg in dlZ 2 -e. 
On the other hand we have pg = 0 in daR-i- We can then use comparison with a function 
with the form wg = — c\pg (1 — KFp) with K chosen large enough and ci sufficiently small to 
guarantee that wg > 0 in d a R\ and wg > pg in d a R 2 - e - This implies wg > pg in lZi\R 2 -e. 
Therefore, since K is independent of £, it follows that pg < ~^pg in TZ 2 -j\TZ 2 -g for some 
J > 0 independent of l. We now use that ip < Yl'gLj Pi f° r any m ■ Then (p < — y Pi 
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in TZ 2 -j\'R- 2 -(j+i) and since Wfe = oo it then follows that <£ = — oo in 1Z 2 -j\1Z 2 -(j+i). 
However, we know that (p is bounded. This contradiction yields Y1T /Jfc < oo. Then pk —> 
0 as k -A oo. We can then argue as in the derivation of (24.13) to prove that the limit 
lim, 5 _>o+ <£ (S 3 x, 5v) = tp (0,0) exists in L p oc for some p > 1. 

We now claim that <£>(0,0) = max (<£i (0, 0), <£2 (0, 0)} . Suppose without loss of gener¬ 
ality that </>2 (0, 0) > (pi (0, 0). We then have <p (<5 3 x, <5u) > <£>2 (5 3 x, <k>) whence <p (0, 0) > 
<£>2 (0,0). On the other hand we have <£1 (<5 3 x, 5v) = cpi ( 0 , 0 ) + £ 1,5 (x, v ), <£>2 (5 3 x, 5v) = 
<£>2 (0,0) + £ 2,5 (x,v) , where £k t s (x, v) —> 0 as 5 —> 0 in L p loc , k = 1,2. Then <£ (5 3 x,dv) < 
<£>2 (0,0) + |£i ,5 (.x , u)| + |e 2,5 (x, u)|, whence <£ (0, 0) < <£2 (0, 0) follows. Therefore <£> (0,0) = 


max {<£1 (0,0), <£2 (0, 0)} . Arguing now as in the Proof of Lemma 24.3 we obtain that there 


exists the limit lirn^_^ (<5) with T (<5) defined as in (24.3). This limit might take perhaps 


the value + 00 . We will denote this limit as (0) in order to make explicit the dependence on 
the function <£. Lemma [24.3| implies the existence of the corresponding limits 'L^ 1 (0), (0) 

for the subsolutions <£ 1 , <£2 respectively. Moreover, we have (0) < 0, (0) < 0. 

We now distinguish two different cases. Suppose first that <£1 (0, 0) < <£2 (0, 0), where the 
values (p k (0, 0 ), k = 1,2 are defined as in ( 24.13[ ). We then argue as follows. Taking into 
account (24.4) we obtain that £k ,8 (x,v) = \tpk (d 3 x, 5v) — <£fc (0, 0)| , k = 1,2 satisfies: 


\ £ k\\L,v{K) << C (^) 


—3ck—2 


as 


0 H 


for some p > 1. This estimate follows from (24.4) using a rescaling argument in the equation 
satisfied by <£&. 

Notice that —3a — 2 > 0. We have also that: 


—,£1 < <£ (<5 3 x, 5 v) — <£2 (S 3 x, 5 v) < £2 


whence: 

(24.18) 


|<£(<5 3 -,<5-)-<£2 (<5 3 -,5-)ILr(A) «C(6) 


—3a—2 


We now study the behaviour of the function (S) as <5 -A 0. We denote as tp s the rescaled 
function (p s = (p (<f 3 -, <L) and we define similarly tp^ for k = 1,2. Then it follows that: 


(24.19) 




() = 5 2+3a f (n v G a d v (p s - n v d v G a tp s + vp s G a n x ) ds 

Jan c v J 


with £ E [ 2 , 2 ]. We now need to approximate this integral by the one in which ip 5 is replaced 
by (£ 9 . This r equires to obtain some continuity of the integrand of the right-hand side of 
(24.19) using (24.18). This requires to obtain estimates for ( d v ip s — d v <p 2 ) • Since we need 
these estimates only in the part of the boundaries dlZ^ where \n v \ = 1 and n x = 0 we 
can obtain the result using classical parabolic estimates. Notice that the problem reduces 
to obtaining estimates for the derivatives with respect to v of the solutions of C (w) = v 
where v is a measure. Standard theory yields estimates of the form f \d v w\ dxdv < C ||i/|| , 
in bounded sets. It then follows, combining this estimate with ( 24. 18|) , ( |24. 19 ) as well as 
Fubini’s Theorem that Jji 2 j (5Q — 2 (<5^)| d( -A 0 as 5 -A 0 

C = C<5 such that I'Fy (5(s) - ^<p 2 (5C«s)l -A 0 as 5 


Therefore, there exists 


we can use (24.17) to obtain, taking the limit £ 


0, whence (0) = 'F^ 2 (0). In this case, 
0 that: 


/ (v> - A£* (VO) <P - [ 9^< a^2 ( 0 ) 

JX\{ 0 , 0 } Jx\{ 0.01 


A\{0,0} 


Using then Lemma 24.3 we obtain T ¥ , 2 (0) < 0, whence the Subsolution inequality (24.1) 
follows. 
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The case p\ (0, 0) > p 2 (0,0) is similar. Suppose then that p\ (0, 0) = P 2 (0,0). Lemma 
24.3 implies the existence of the limits 4^, (0), 4 , </32 (0). Notice that we have also the existence 
of 4^ ( 0 ) although this limit can take the value 00 . 

We define rescaled functions as & s k (x, v) = X ’ 5 pp LPki ' 0,0 ' > 1 k = 1,2. We then have, using 
that 4>^ converges to A {pk) Fp with A {pk) = (j-'&vk W) ■ The convergence takes 


24.5 


Lemma 

place in L 1 ! with p > 1. Moreover, arguing as in the previous case we obtain also convergence 
of cV,4>| to A ( pk) d v Fp in L p oc . We now have two possibilities. Either 4^ (0) 4^2 (0) or 

(0) = (0) ■ I n the first case, suppose without loss of generality that T (/Pl (0) > (0). 

We recall that p = maxj^i,^}- We define also 4 > 5 (x, v) = y ^ x,S ”J /3 _ Notice that 

pi (0,0) = P 2 (0, 0) = pk (0,0). We then have, arguing as in the case p\ (0,0) 7 ^ p 2 (0,0) that 
4> d converges to 4>'j’ in L p . Using the continuity of the functionals 4^ (0) on the functions 
p obtained above, it then follows that 41 ^ (0) = 4^ (0) < 0 whence the inequality (24.1) 
follows also in this case. It remains to examine the case (0) = 40 2 (0). In this case we 
have that the functions 4>j( for k = 1,2 converge to A{p±)Fp = A{p 2 )Fp in L p loc . Then 
d )* 5 = maxjT^^g} converges to the same limit in L p oc . We have also convergence for the 
derivatives <9„ < L ' 5 using the regularizing effects as usual. Then, using the continuity of the 
functionals 4^ (0) with respect to this topology we obtain 4^ (0) = 4/^ (0) = 4 r ¥?2 (0), 
whence 4' ¥ , (0) < 0 and (24.1) follows. Therefore p is a subsolution and the result follows. □ 


We can now conclude the proof of Proposition 24.1, arguing as in the case of trapping 
boundary conditions. 

We can obtain in this case easily one subsolution and one supersolution which are ordered. 
Lemma 24.7. For any g E C {X) there exist at least one subsolution p sub and one superso¬ 


lution <£> sup in the sense of Definition 2f.2 such that: 

(24.20) p sub < p snp 

o sub = ~ IbllLoc(x) , ¥> SUP = 

JV {if) <P < 0 if P is a constant and if is any test function as in the Definition 24.2l_We 
can assume that p = 1. We write f C* {if) = lim ( 5_ >0 + fx\ n s ^* WO with 1Z$ as in (|4.27) 


Proof. We can just take p sub = — ||5'||xoo(x) > = II9 |Il°°(A) • We need to prove that 


Integrating by parts and using that if is compactly supported, as well as the fact that 
if ( 0 , —v) = r 2 if ( 0 , rv ), v > 0 we obtain: 

/ C* {if) = / [ D v ifn v - vifn x \ 

Jx\n 5 JdUs 

where n = {n x , n v ) is the normal vector to dlZ$ pointing towards 1Z$ and where if = 0G 7 + if 
if 5 is sufficiently small and 7 £ { — §,«}• The regularity of if implies that 


lim / I" D v ifn v — vifn x ] = 0. 

^0+ J&KS 1 ' J 


On the other hand we have 


lim 

5 —> 0 + , 


’&R-s 


\D v G a n v vG a nx\ — 0 


due to Proposition 4.11 Finally we notice that 


lim / 

<5^o+ Jdn s 1 


D V G 2 n v — vG 2 n 7 


< 0 


due to Proposition 4.8 whence the result follows. 

We can then define Q su b as in Definition the following subset of {X) : 


□ 
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Definition 24.8. Suppose that ( p s ub , g? sup are res pective ly one subsolution and one super¬ 
solution in the sense of Definition 2f.2 satisfying (24-20). We then define Q su b C ( X ) 
as: 


(24.21) g sub = lip G L? (X) : 


p sub-solution of (23.11), (23.13) 

'sub 


in the sense of Definition 24-2 


p— <p< p sup 


We now remark that Lemmas 23.13| and 23.15| hold without any changes. Moreover, the 
proof of Lemma 23.16 can be adapted to include this case. 


Lemma 24.9. Let pi,p2, — ,Pl £ Qsub with L < oo and Q su b as in Definition 24-8 . Define: 

(p := max{^i,^ 2 ,-Wj} 

Then p G Q su b- 

Proof. It is enough to prove the result for L = 2. The result th en foll ows from Lemma |24.6 
Notice that the inequalities p sub < p < y? sup in Definition (24.21) are preserved by the 
maxima. □ 


We remark that Proposition 20.2| and Lemma [20.4 are independent of the boundary condi¬ 
tions imposed a t the singular point ( x, v ) = (0, 0) and therefore can be applied to subsolutions 
as in Definition 


24.8 


Lemma 


23.17 


can be proved for the subsolutions in the class Q su b given 


in Defi nition |24. 8 with minor cases with respect to the previous case, because the definition 
of in (23.29) modifies the subsolution p just in a set E which does not intersect the singular 


point (0, 0). We can now conclude the Proof of Proposition 24.1 


End of the Proof of Proposition \24. 1\ We de fine p * as in (23.28) with Q su b as in Definition 
24.8 Arguing as in the Proof of Proposition 23.7 we obtain that p* G Q su b with Q su b as in 


Definition 24.8 We define v = — (p* — A C (p*) — g ) • Due to Definition 24.2 we have that v 
is a nonnegative Radon measure. If v (X\ {0,0}) > 0 we can argue exactly as in the Proof of 
Proposition 23.7 to derive a contradiction. Therefore v (X\ {0, 0}) = 0 and then, p * satisfies 
the problem: 

p* — A C (p*) — g = 0 , (x, v) G X\ {0,0} , p* G C (X) 


Theorem 21.11 then implies: 

p* (x, v ) = p * (0,0) + A ( p *) Fp (x, v ) + (x, v ) 


Using Lemma 24.3 and Lemma 24.5 we obtain that A ( p *) > 0. Suppose that A ( p *) > 0. 
Then p * (x, v) > p * (0,0) in a neighbourhood of the singular point (0, 0). Then p * (0, 0) < 


y> sup , where <^ sup is as in Definition 24.8, because otherwise we would have p * = </? sup and then 
A (p*) = 0. Therefore, there exists 5 > 0 such that </?** = max {</?*, p * (0,0) + 5 + CS (x, u)} 
with S (x,v) as in Lemma 21.1 and C > 0 is a subsolution of ( |23. 11 ), (23.13) in a neigh¬ 
bourhood of the singular point satisfying p„ > p *, since S is bounded by ^5 + v 2 ^ and 

therefore A (p) Fp gives a larger contribution for (x, v ) close to (0, 0). However, this would 
contradict the definition of p * by means of (23.28). It then follows from this contradiction 
that A{<p*) = 0. Therefore </?* solves (23.11), (23.13) and the Proposition follows. □ 


25. Operator Pi p t, S ub- Solvability of (23.11), (23.14). 


We consider now the problem (23.11), (23.14). Since the arguments used are similar to 


the ones in the previous Sections we will just describe in detail the points where differences 
arise. We prove in this Section that: 


Proposition 25.1. For any g G C (X) there exists a unique p G C ( X ) which solves (23.11), 
(23J4\). 
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We introduce a new concept of sub and supersolutions which allows to identify the bound¬ 
ary condition (23.14) near the singular point (x,v) = (0,0). The rationale behind this defi¬ 
nition is to obtain the inequality L (99) (0,0) < //* |C*| A (ip) at the singular point. However, 
since we are interested in subsolutions in ( X ) some care is needed in order to define 
L (ip) (0, 0). Notice that the inequality ip — XL (ip) < g, suggests the inequality 99 (0,0) — 
g (0,0) < A/x* \C,\A (ip) • 

Definition 25.2. Suppose that g E C (X) . Let C = C(x,v) a nonnegative C°° test function 
supported in 0 < x+|u| < 2, satisfying ( = 1 for 0 < x+|u| < 1. We will say that a function 
ip E (X) , such that the limit lim^ ji; )_>(o,o) <P (x, v) = 99(0,0) exists, is a subsolution of 
(23.11), (23. If) if for all if with ip >0, if (0, —v) = r 2 ip (0 ,rv ), v > 0 and having the form 
ip = 6((G 1 + ip where ip E C°°, 9 > 0 with G 1 as in (f.8), 7 E { —|,a} and with ip supported 
in a set contained in the ball \(x,v)\ < R for some R > 0 we have: 


(25.1) 


J (ip-XL* (ip)) ip + (ip (0,0) - g (0,0)) < J 


g4> 


Given g G C (X ), we will say that ip 6 L£° (X) is a supersolution of (23.11), (23.13) if for 
all ip with the same properties as above we have: 


(25.2) 


(ip - XL* (ip)) ip + — (ip (0,0) - g (0, 0)) > [ 
h* J 


gfp 


The integral on the left hand side of ( |25.1 ), (25.2) is well defined in spite of the singularity 
of G 7 near the singular point because L* (G 7 ) = 0. 

We can then prove the following variation of Lemma |24.3| 


Lemma 25.3. Let g E C (X) and ip be a subsolution of (23.11), (23. If) in the sense of 

T(5)= r 


Definition 25.2. Let: 
(25.3) 


'dTZs 


(n v G a d v ip — n v d v G a ip + v<pG a n x ) ds 


which is well defined in the sense of Traces (cf. Proposition 19.3). Moreover, the limit 
lim < 5_ 5 . 0 + ^ (8) exists and we have: 


(25.4) 


lim ^ (<5) + t— (T (0,0) - g (0, 0)) < 0 
<5—>-0+ A/i* 


Let p, = —99 + XL (ip) + g. Then g > 0 defines a Radon measure in X\ {(0,0)} satisfying: 


(25.5) 




G a gdxdv < 00 


Proof. The proof is similar to the one of Lemma 24.3 The only difference is that for test 
functions as in Definition |25.2| we obtain the inequality: 

[ (00 - (ip)) ip - gip) + — (ip (0,0) - g (0,0)) < 0 

j g* 


instead of (24.5). Arguing then as in the proof of Lemma 24.3 we obtain (25.4). The rest of 
the argument is basically identical to the proof of Lemma 24.3 with minor changes. □ 


We now remark that several of the arguments used in Section 23.3 can be adapted with 
minor changes to the case considered in this Section. Indeed, Lenmia|24.4 holds if instead of 


considering subsolutions of (23.11), (23.13) in the sense of Definition 24.2 we consider subso¬ 


lutions of (23.11), (23.14) in the sense of Definition 25.2 Moreover, the limit value 99 (0, 0) is 

(a:,u)—d0,0) T (*D ^) 


the same value as the limit lim 


whose existence was assumed in Definition 
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25.2[ Actually, the use of Lemma |24.4| could be avoided in the case of partially trapping 
Boundary Conditions, due to the existence of the limit lim( x>t ,)^.( 0 ,o) P (x, v ) in the Defini- 
tion of subsolutions, however, it will be convenient to have also the corresponding version of 
Lemma 24. 4| in order to adapt the argument yielding to the corresponding version of Lemma 
24.6 The proof of a new version of Lemma |24.6| in which the subsolutions considered are 
subsolutions of (23.11), (23.14) in the sense of Definition 25.2 follows with minor changes, just 
replacing at several places inequalities like 41 ^ (0) < 0 by (0) + (p (0,0) — g (0,0)) < 0. 

We can now adapt Lemma 24.7 as follows: 


Lemma 25.4. For any g G C ( X) there exist at least one subsolution p sub and one superso 


lution y> sup in the sense of Definition 25.2 such that: 
(25.6) 

Proof. We can just take p sub = — 


p sub < p sup 


\L°°(X) > P 


,sup 


(25.2) can the estimated as in the proof of Lemma 
and [p sup — g (0, 0)) < 0 the result follows. 


24.7 


IIl°°(x) • The integral terms in (|25.1 ), 
Using then that (p sub — g (0,0)) < 0 

□ 


We can then define Gsub as hi Definition the following subset of L£° ( X ) : 


sub 




sup are res pective ly one subsolution and one super- 


Definition 25.5. Suppose that p 
solution in the sense of Definition 25.2 satisfying (25.6). We then define Gsub C ( X ) 
as: 


(25.7) Gsub =\peL^(X): 


p sub-solution of (23.11), (23.14) 
in the sense of Definition 25.2 \ p sub < p < p sup 


Lemmas 23.13 and 23.15 hold without any changes and the proof of Lemma 23.16 can be 
adapted to include this case. 


Lemma 25.6. Let pi,p 2 , 


Then p G Gsub- 


<Pl£ Gsub with L < oo and G su b as in Definition 25.2 . Define: 

p := max{pi,p 2 ,..., Pl} 


Proof. It is similar to the Proof of Lemma 24.9 


□ 


We remark that Proposition 20.2| and Lemma [20.4 are independent of the boundary condi¬ 
tions imposed a t the singular point (x, v) = (0, 0) and therefore can be applied to subsolutions 

can be proved for the subsolutions in the class Gsub given 


as in Definition 


25.2 


Lemma 


23.17 


in Definition 25.2 with minor cases with respect to the case of trapping boundary conditions. 


We can now conclude the Proof of Proposition 25.1 


End of the Proof of Proposition 25.1. We define p* as in (23.28) with Gsub as i n Definition 


25.5 


Arguing as in the Proof of Proposition 23.7 we obtain that p* G Q sub with <j sub as in 


Definition 25.5 We define v = — ( p * — A L (</?*) — g). Due to Definition 25.2 we have that 


v is a nonnegative Radon measure. If u(X\{0,0}) > 0 we can argue as in the Proof of 
Propositions 23.7 24.1 to derive a contradiction. Therefore u(X\{0,0}) = 0 and then, p * 
satisfies the problem: 

p* - A £ ( p *) - g = 0 , (x,v) G A\ {0,0} , p* G C (A) 

We now remark that Theorem 21.11| implies: 

p* (x, v ) = p * (0,0) + A (p*) F /3 (, x , v) + (x, v ) 

Using Lemma [25.3 and Lemma [24.5| we obtain that p * (0,0) — g (0, 0) < A/r* |C*| A (p *). 
Suppose that p * (0, 0 ) — g (0,0) < A/r* |C*| A (</?*). We can obtain a larger subsolution in the 
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family Q sub as follows. If p* (0,0) = p snp we would obtain that <£>** = max {</?*, p* (0, 0) + <5 + CS ( x , v) + A (p*) 


with S (x,v) as in Lemma 21.1 is a subsolution of (23.11), (23.14) in a neighbourhood of the 


singular point satisfying > p*, for a constant C depending only of g if 5 is sufficiently 


small, since S is bounded by |.T3 + v 2 ^ and therefore A (p*) Fp gives a larger contribution for 

(x, v ) close to (0,0) .However this contradicts the definition of p*, whence p* (0,0) — g (0,0) < 
A/r* 1(7*1 A (p*) . Then C (p*) (0,0) = p*\C*\A (p*) , whence p* 6 V (p. p t, S ub) and the result 
follows. □ 


26. Operator H sup . Solvability of (23.11), (23.15). 

In the supercritical case r > r c we cannot impose a boundary condition at the singular 
point. However, we can use also Perron’s method in this case. We will include a reference 
to (23.15) in order to make clear that we refer to the supercritical case. We will prove the 
following result: 


Proposition 26.1. For any g G C ( X ) there exists a unique p E C ( X ) which solves (23.11), 
(23A$i) . 

The concept of sub and supersolutions which we will use in this case is the following: 

Definition 2 6.2. Su p pose th at g E C ( X ). We will say that a function p e L£° (X) , is a 
subsolution of (23.11), (23.15) if for all ip 6 C°° ( U ) withip> 0, if (0, — v) = r 2 i/j (0, rv ), v> 
0 and with if supported in a set contained in the ball |(x,u)| < R for some R > 0 we have: 

(26.1) J (if-\C*(if))p< j gif 


Given g e C ( X ), we will say that p € (X) is a supersolution of (23.11), (23.15) if for 

all if with the same properties as above we have: 


(26.2) 


J idf- AT* (if)) p> J 


gif 


Remark 26.3. Notice that the assumption if € C°° (U) does not imply any condition in the 
values of the derivatives of if at {x = 0}, except those which follow from the compatibility 
condition if (0, —v) = r 2 if (0, rv ), v > 0. 

We can now construct easily bounded sub and supersolutions in the sense of Definition 

EO 

Lemma 26.4. For any g G C (X) there exist at least one subsolution p sub and one superso¬ 
lution p sup in the sense of Definition 26.2 such that: 

(26.3) p sub < p sup 

Proof. We can just take p sub = — HffHioofx) 5 ^ sup = llffllz,°°(A') • The proof can be made then 
by means of a small adaptation of the one of Lemma |24.7| □ 

We can then define G su b as in Definition the following subset of L£° (X) : 

Definition 26.5. Suppose that p s ub , tp s up are res pective ly one subsolution and one super¬ 
solution in the sense of Definition 26.2 satisfying (26.3). We then define Q su b C L£° (X) 
as: 


(26.4) G sub =\peL (X) : 


p sub-solution of (23.11), (23.15) 


in the sense of Definition 26.2 \ p sub < p < p sup 
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In this case we do not need to study the subsolutions near the singular point with the 
same level of detail as in the subcritical cases. However, we will need to be able to solve the 
Dirichlet problem with boundary values in the admissible boundaries for domains containing 


the singular point. The following result generalizes Proposition 20.2 to the case of domains 
containing the singular point if r > r c : 


and let Ar as in (20.23) for some R > 0. Let us 


Proposition 26.6. Suppose that r > r c 
assume also that g E C (An) , and h E L°^ 
boundary of An- Then, there exists a unique classical solution of the problem (20.1), (20.2) 


(d a An) where d a An is the corresponding admissible 


where the boundary condition (20.2) is achieved in the sense of trace defined in Proposition 

EM 

Proof. The existence of solutions can be obtained considering the sequence of solutions of the 


problems ( 20 . 1 ), ( 20 . 2 ) in the domains Ar\1Zs with S > 0 small and boundary conditions 
cp = h on d a An and, say, <p = 0 on d a (Ar\(R.s) n dlZs- The solutions of these problems, 

due to the maximum 
bp 


which will be denoted as ips are uniformly bounded by ||<jf|| ioo + 
principle. Moreover, the derivatives of the functions ips are bounded in WFf due to The¬ 


orem 


12.4 Therefore, a standard compactness argument allows to find a subsequence ips n 


converging uniformly to a weak solution of ( 20 . 1 ), ( 20 . 2 ). 


In order to prove uniqueness we consider the difference if of two bounded solutions of 
(20.1), (20.2) in A n satisfies (if — XCif) = 0 in A r, if = 0 on <9 a E. We can construct now 
a positive supersolution with the form eFp, e > 0, since e (Fg — \CFp) = eFp > 0. Since 
if is bounded, and f3 < 0 for r > r c we obtain that \if\ < eFp if we choose 5 small enough 
(depending on e). We can then use a comparison argument in the domain Ar\1Zs whence 
| if\ < eFr in A r for e > 0 arbitrary. Taking the limit e —> 0 we obtain if = 0 and the 
uniqueness result follows. □ 


End of the Proof of Proposition \26. f . We defi ne yy as in ( 23.28 ) with Gsub as in Definition 

we obtain that </?* E Q S ub- We 


26.5 


Arguing as in the Proof of Propositions 


23.7 


24.1 


define v = — (<£>* — A C (</?*) — g). Due to Definition 
Radon measure. If v 7 ^ 0 we consider a domain E 


25.1 


26.5 


we have that v is a nonnegative 


that is, either one of the admissible 
domains E in Definition |12.1 or one of the domains A r containing the singular point as in 
the statement of Proposition 26.6 We can then argue as in the Proof of Propositions |23.7 

</?* G C (X) gives the desired 

□ 


24.1, 25.1 to derive a contradiction. Therefore v = 0 and then, 


solution of the problem (23.11), (23.15). 


27. Solvability of the adjoint problems (16.3)-(16.6), (16.7)-( 16.10), 


(16.11)-(16.15), (16.16)-(16.19). 


We can now prove the solvability of the adjoint problems described in Section [16] of Section 

El 

Theorem 27.1. Suppose that is one of the operators Ll ttSU b, PL n t, su bi Qpt,subi Tt sup de¬ 
fined in (13.2)-(13.3), ( 13-4)-(13.5 ), {13. 6 )-(13.1), (13.8)-(13.9) respectively. We can define 
Markov semigroups S& (t ) having as generator the operator Q a . For any p> E V (Do-) we can 
define a function u E C 1 ([0,oo) : C (X)) such that: 

dtu = VL a u , f E [0, 00) , u(t,-) E V (D CT ) if t > 0 , u(0,-) = tp 

Moreover, u is a classical solution of the equation dtu (x, v, t) = Cu (x, v, t ) for (x, v ) / 
(0,0), t > 0. 


Remark 27.2. Notice that the compatibility condition (11.1) is a consequence of the fact 
that u (-,t) E C (X) for any t > 0. 
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Proof. Theorem 27.1 is a consequence of the Hille-Yosida Theorem (cf. Theorem 18.7), as 
well as Proposition 22.1 . Proposition 23.4 and Propositions 23.7 24. 1| |25.1 and 26.1 □ 


28. Weak solutions for the original problem. 


Our next goal is to define suitable measured valued solutions of the problem (1.3)-(1.5) by 
means of the adjoint problems ( fl6T6l )-( fl6T9l ), < [Ta3l )-( fl6T| ), ( fl6Tl )-( flTT0l ), ( fl6TTl[ )- p~6Tl5| ) . 
To this end, we argue by duality. We will use the index a to denote each of the four cases 
considered in Section [13] of Section [8j namely, in the case of subcritical values of r, we can use 
trapping, nontrapping or partially trapping boundary conditions. We will consider also the 
supercritical case. The following definition will be used to define measured valued solutions 


of the problem (1.3)-(1.5) with all the boundary conditions considered above. 


Definition 28.1. Given Pq E M. 
by means of: 


(A") we define a measured valued function P a E C ([0, oo) : A4 + (A)) 


(28.1) 


P ( dP a (•, t)) = J ( S a (t) ip) ( dP 0 ) , t > 0 


for any p E C ([0, oo) : C (A)) 


Remark 28.2. Notice that the notatio n in (f 28.1 ) must be understood as follows. Let if (•, t) = 
S a ( t ) p. Then, the right-hand side of (28.1) is equivalent to j if (■ ,t) 3Pq. The left-hand side 
of (28. 1) is just f p (•) dPg (t). 


It is convenient to write in detail the weak formulation of (1.3)-(1.5) satisfied by each of 
the measures P a . 

Definition 28.3. Suppose that 0 < r < r c and Pq E M.+ (A). We will say that P E 
C ([0,oo) : A4+ (A)) is a weak solution of 0 - |1.<5| ) with trapping boundary conditions if 
for any T E [0, oo) and p such that, for any time t E [0,T], p(-,t) ,Cp(-,t) ,pt(-,t) E 


C (A), p(-,t ) satisfies (13.1) and such that Cp(0,0,t) = 0 for any t > 0, the following 
identity holds: 

(28.2) 


/o Jx\{( 0,0)} 


where C is as in (11.3). 


[pt(dP{;t),t)+£p(dP(;t),t)]+ f p (dPo (•) , 0) — / p(dP(;T),T)= 0, 

J X Jx 


Definition 28.4. Suppose that 0 < r < r c and Pq E A4+ (A) . We will say that P E 
C ([0,oo) : A4+ (A)) is a weak solution of 0 -( fl.5| ) with nontrapping boundary conditions 
if for any T E [0,oo) and p such that, for any time t E [0, T] , p (-,f), Cp (-,t) ,pt (-,t) E 
C (A) , p(-,t) satisfies |43.1|) and A(p) (• ,f ) = 0 the 1(28. H|) identity holds, where C is as in 

(ZZ3 - ' 

Definition 28.5. Suppose that 0 < r < r c and Pq E Ai + (A). We will say that P E 
C ([0,oo) : A4_|_ (A)) is a weak solution of 0 - 1(1.5 1 ) with partially trapping boundary condi¬ 
tions if for any T E [0, oo) and and p such that, for any time t E [0, T] , p (•, t) , Cp (•, t), pt (-,t) E 
C (A), p (•, t) satisfies (13.1) and Cp (0, 0, t ) = /r* |(7*| A ( p ), the identity (28.2) holds, where 
C is as in (11.3). 


Definition 28.6. Suppose thatr > r c and Pq E M. + (A). We will say that P E C ([0, oo) : M. + (A)) 
is a weak solution of 0 -( fl.<5| ) for super critical boundary conditio ns if for any T E [0, oo) 
and p £ ([0,T) x A) the identity (28.2) holds, where C is as in (11.3). 


Our next goal is to prove the following result: 












































































106 


HYUNG JU HWANG, JUHI JANG, AND JUAN J. L. VELAZQUEZ 


Proposition 28.7. Suppose that we define measure valued functions 

Pt,subi Pnt,subi Ppt,sub , Psup e c ([0, oo) : M+ (X)) 

as in Definition 28.1 and initial datum Pq. Then, they are weak solutions of (1.3)-(1.5) with 
trapping, nontrapping, partially trapping and supercritical boundary conditions respectively. 
Moreover, the functions Pt, S ub-> Pnt,sub > P p t,sub , Psup are the unique solutions of ( 1.3)-(1.5 ) 
with trapping, nontrapping, partially trapping and supercritical boundary conditions in the 
sense of Definitions 28.3 , 28. f , 28.5 and 28.6 respectively. 

Proof. We take a smooth test function (p depending on the variables (x, v, t). We will assume 
that the function (p (•, t) G V (Do-) for any t G [0, T] . The definition of the Probability measure 
P yields: 

J p ( dP a (-, t ), t) = J (S a (t) p) (dP 0 , t) 

for any fixed t > 0, t > 0. In particular, taking for t the values (t + h) with h small, we 
obtain: 

J p (dP a (•, f) ,t + h) = J (S a (t) p) ( dP 0l t + h) 

Differentiating this equation with respect to h and taking h = 0, it then follows that: 


(28.3) 


Pt (dP a (-,t) ,t) = J ( S a (t ) p t ) (dPo, t) 


We now write So- (t)pt(-,t) = (S a ( [t ) p (• ,t)) — dt (S a (i)) p (•, t). Integrating then (28.3) in 


the time interval (0, T) it then follows that: 


Pt{dPo(-,t) ,t)dt = 


j t (So ( t ) p ( dP 0 , t)) - 8 t (So (t)) p (dP 0 ,t ) 


dt 


j t (J (S a (t)p(dP 0 ,t))j - j d t (So(t))p(dP 0 ,t ) 
So(T)p(dP 0 ,T)- J (S a (0)p(dP 0 , 0)) 


dt 


d t (So (t)) p (dP 0 ,t) dt 


P (dPo (■, T ), T) — / p (dPo, 0) — 


fl a So (t ) p (dPo,t) dt 


p(dPo(;T),T)~ / p (dPo, 0) — 


fl a p (dPo (■, t), t.) dt 


where we have used that for any function G V (Do) we have dt(S a (t)) = D a S a (t)fi>, 

whence: 


J p(dP a (;T),T)- J p (dPo, 0) 


= J J [p t (dPo (-,t) ,t) + D a p (dP a (-,t) ,t)]dt 

Using that the action of the operators Do- in their respective domains is given by L we 
obtain the existence result. 

Uniqueness can be proved using the solvability of the adjoint problems obtained in The¬ 
orem 27.1 Suppose that Pi,P 2 are two solutions of (1.3)-(1.5) with trapping boundary 


conditions in the sense of Definition 28.3 Then P = P\ — P 2 satisfies (28.2) with Po = 0 
for any function p with the regularity requested in the Definition 28.3 Suppose that P 
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does not vanish identically. Then, for some T > 0 there exists a function i/> e C (X) such 
that Jy'i/j (dP (-,T)) / 0. Since T> (Q t ) is dense in C (X) there exists tp € T> (p, t ) such that 
/ v ip (dP (-, T)) / 0. Theorem 27.1 implies the existence of a function </? C 1 ([0,T] ; C (X)) 
satisfying p t (-,t)+C<p (•, t) = 0 in X, for t G [0, T] and £</? (0,0,f) = 0 for any t G [0, T] , with 
the initial condition cp (-, T) = 'ip {■). This function satisfies the regularity conditions required 

!) that f x ip (dP (-,T)) = 0, but this gives a 


28.3 


It then follows from (28.2 


in Definition 

contradiction, whence the uniqueness result follows for trapping boundary conditions. The 
proof in the case of non-trapping, partially trapping and supercritical boundary conditions 
is similar and the details will be omitted. □ 

We can also prove the following result. 

Theorem 28.8. Suppose that we define measures P t)SU b, P n t,sub, Ppt,sub-> Psup £ C ([0, oo) : M+ (X)) 
as in Definition 28.1 and initial datum Po- Then, these measures can be decomposed as: 

(28.4) dP a (•,£) = m a (t) <5(o,o) + Pa (x,v,t) dxdv , t>0 

where for each a we have p a (-,t) E L 1 ( X ) and m a (t) > 0. If m a (0) = 0 we have also 
m n t,sub (t) = rrisup (t) = 0 for any t > 0. Moreover, if Po is not identically zero, we have also 
m t ,sub (t) > 0, m ptt sub (t) > 0 for any t > 0. 


The functions p a (-,t) are infinitely differentiable for (x,v) / (0,0) and they satisfy (1-4) ■ 


Proof. Using in (28.2) the test function p = 1 we obtain that, in the case of the four considered 
operators: 

[ dP a (•, f) = [ dP 0 , t> 0 

Jx J x 

We define m a ( t ) = fr, Q 0 u dP a (-,t). We define also the measures dP a (•, t) — m a (t) 5(o,o)- 


Using Proposition 28.7 it then follows that this family of measures solves (1.3), (1.4) outside 


the singular point (x, v ) = (0,0). Using classical interior hypoellipticity results we obtain the 
representation ( |28.4| ) where p a G C°° in the set {x > 0}. On the other hand, we can prove 
that p a G C°° for x = 0, v < 0 using the fact that the characteristic curves move away from 
the domain {x > 0} in that region. Actually, it is possible to argue basically as in the proof of 
boundary regularity derived in m ■ More precisely, introducing a cutoff function supported 
in the region {u < 0} which takes the value 1 in the region where the regularity of p can be 
obtained, we would obtain a new function p solving the same Fokker-Planck equation, but 
with some source terms containing the derivative p v and the function p. The arguments in 
m then allow to prove that p £ C°° {x > 0, v < 0} . Using then ( |1.4[ ) we would obtain also 
regularity in {x = 0, v > 0}. Uniform regularity in compact sets of {x = 0, v > 0} would 
then follow as in fau¬ 
lt then follows, since dP„ (■■t) is a Radon measure, and therefore, outer regular that 
p a E L°° ((0, T) : L 1 (X)) . 

In order to obtain the stated results for the masses m a ( t ) we need to study the asymptotic 
behaviour of some solutions of the adjoint problems with initial data approaching the charac¬ 
teristic function of the singular point. The specific form of the solutions under consideration 
depends of the specific boundary conditions used. 

In the cases of trapping and partially trapping boundary conditions we construct some 
particular test functions with the form: 


P (x, v, t) = 


Ai-t)* ’ 


= $(£,y) 


^ d rm® + 


where <f> satisfies: 
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in the sense of measures. Notice that this is equivalent to obtaining the inequalities tpt {-,t) + 
Cip{-,t) > 0. In the case of trapping boundary conditions we look for functions with the 
form: 

*(Z,ri) = a-Fp(Z,r,)-W(Z,Ti) 

where we choose W satisfying: 


d m W + v d<w < C 0 (£ \dtFp\ + \rj\ \d v Fp\) 


and the function W satisfies |W (^, 77)| < C (J?7| + |£| 3 j Fp. The existence of the function W 
and the previous estimate can be proved as Lemma 21.1 Choosing a > 0 sufficiently small 
we obtain that | W (£, r])\ < Fg (£, rj) in the neighbourhood of the singular point where $ > 0. 
Moreover, by construction we obtain L (<f>) (0,0) = 0 due to the fact that £ {Fp) = 0. We 
then define a test function <1> as: 

<h = - max{<h, 0} 
a 


Then <h (0,0) = 1. Using the duality formula (28.1) we then obtain: 

t 


(28.5) 


'TIs 


P a (dxdv, t) > 


Pa 


iTZn 


( dxdv, - 


t > 0 


where p > 0 is small but it can be chosen independently of <5, and 5 > 0 can be taken 
arbitrarily small. The integral on the right can be estimated uniformly from below, because 
P is strictly positive in a set with the form TZ p \TZp D {x > 0} for any fixed t > 0 due to 
the strong maximum principle. This type of strong maximum principle arguments in interior 
domains have been used also in [31]. Taking the limit 5 -A 0 we obtain P„ {dxdv, t) > 0 

for any t > 0. This gives mt^ub (t) > 0. 

In the case of partially trapping boundary conditions we will look for test functions satis¬ 
fying (p t {-,t) + Cip (-,t) > 0 in the sense of measures, constructed by means of the auxiliary 
function: 

1 3/3 

ip (x, v,t) = a — Fp (£, rj) - (t-t) 1 2 W (£, p) 

/ \ _ _30 

where (^, 77) = _ x 3 , _ - 1 . Notice that for this function we have A Up) = — (t — t) 2 

(t-t) ay 

and C {(p) (0,0) = — (t — t)~C (IT) (0,0). Moreover, since /3 < | we have ^1 — > 0. 

The boundary condition for p> then becomes: 


(28.6) C {W) (0, 0) = /i* |C*| 

Writing the equation we obtain that p> satisfies ipt (•, t) + C<p (-,t) > 0 if: 

C(W)<-C(\W\ + Fp) 


for a suitable constant C > 0 and where we have to impose the boundary condition (28.6) 


The resulting function IT is quadratic near the singular point. Therefore, for small | (£,77) 
and given that ^1 — > 0 it follows that Fp (£,r]) » (t — t) l ~^r w (£,77). Then, if we 

choose a > 0 small enough, and we define: 

(p = max {ip, 0) 


it follows that (p is a test function, whose support expands in a self-similar way and that it 
can be used as in the case of trapping boundary conditions to prove that m p t tS ub (t) > 0. 
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Notice that these test functions yield that dP a (■, t) > 0 for any t > 0, using (28.5), as 


well as the strong maximum principle which guarantees that P y-, 11 > 0 in a neighbourhood 
of the origin in the set {ar > 0 } . 

In order to prove that m nt ^ su f, ( t ) = m sup (t) = 0 we need to obtain test functions satisfying 
ipt (■,£)+£</? (•, t) < 0 as well as A (<p) = 0 and taking initial values ”close” to the characteristic 
function of the singular point and approaching to zero very fast. 

It is natural to look for test functions which at least in some regions will have the form: 


(28.7) 


c p (x, v, t ) = 2 5 1 [(£ — t) + d] <3? 


Xt-t + 6 )2 (t-t + 6)i J 
for 6 > 0 fixed. Plugging this in the equation p t + C (<p) = 0, and looking for functions 
satisfying p t (-, t) + Lip (•,£)< 0 we obtain the inequality: 


(28.8) 


+ ^ + ^ + < 0 


We need to obtain a function $ satisfying (28.8) in the sense of measures. We consider first 


the case r < r c with non-trapping boundary conditions. To this end we consider a function $ 
smooth outside the origin, and homogeneous function, say 3>i satisfying §£4>£ + = —a<b 

with a > 0 fixed, independent of 7 . Notice that we can assume that $1 tends to infinity 

large, 
771 and 


as (£,77) approaches the singular point. Then, the inequality (28.8) holds for |£| + 1 77 
because the contribution of the term L ($) becomes smaller than — a<f> for large |£| + 

7 $ gives a small contribution if 7 is small. On the other hand, in order to obtain a bounded 
function for |£| + \r]\ of order one we construct a function 4>2 which takes the value 1 at the 
origin and is corrected by means of one function W satisfying C'y + L {W) < 0. This function 


can be constructed satisfying (28.8) in any bounded region, as large as desired, if 7 is chosen 


small, because then the contribution of the corrective term is small. Taking the minimum of 
<3?i, $2 w e obtain the desired test function satisfying (28.8) in the sense of measures and the 
result follows. 


In the supercritical case we can obtain a functions satisfying (28.8) as follows. The function 


Fp satisfies L (Fg) = 0 and in the supercritical case (3 < 0. Then the contribution of the terms 
§£<!>£ + is negative close to the origin. Moreover, if we choose 7 sufficiently small we 

obtain that yT + |£<I>£ + \is negative. In order to obtain a bounded test function we 
construct an auxiliary function, taking the value $ (0, 0) = 1 and corrected by a term W 
satisfying C 7 + L {W) < 0 in the usual manner. Taking then the minimum between both 


functions we obtain a new bounded test function satisfying (28.8) in the sense of measures . 


Notice that in both cases (supercritical case and subcritical with nontrapping boundary 


conditions), the function (28.7) is larger than one in a neighbourhood of the singular point 
for short times, but it decreases to values of order 5 in times of order, say y/6 if <5 is small. 
This implies, taking the limit 5 —> 0 that the mass at the singular point at any time t > 0 

is zero, using the duality formula J^ (j dP a (-, F) <p (£, •) < j x dP a | j ip | j < £ 0 , where 
£0 can be made arbitrarily small if 5 is small. □ 

29. Stationary solutions in a strip. 


In this Section we recall several of the stationary solutions obtained for the problem (1.3)- 
(1.5) in the strip 0 < x < 1 in the physics literature and we discuss the specific set of 


boundary conditions for which they are solutions. We notice that we can define the adjoint 


problems and extend the solutions of (1.3)-(1.5) as in the Definitions 28.3 28.4, 28.5, 28.6 


using the fact that the asymptotic behaviour of the functions ip is local near the singular 
points ( x , v) = ( 0 , 0 ) and (x, v ) = ( 1 , 0 ). 
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We can then construct different stationary solutions for the problem (1.3)-(1.5) with trap¬ 


ping, nontrapping, partially trapping and supercritical conditions respectively. 

In the case of trapping boundary conditions we can construct a family of solutions depend¬ 
ing on two parameters and given by: 

(29.1) 

if 0 < r < r c . 


P ( x , v) = mi5 ( 0 0 ) + m 2 <5(i j0 ) , mi > 0, m 2 > 0 


A class of stationary solutions of (1.3)-{1.5) has been obtained in m, 0 - This solution 
is obtained by means of the solution of an integral equation. We just indicate the main 
properties of such solutions which are relevant here. The solution obtained in m, s will be 
denoted as F (x, v ) and it satisfies: 


d vv F , (x, v) G {0 < x < 1, v E 
F (1 — x, —v) 


(29.2) vd x F 

(29.3) F(x,v) 

(29.4) F (0, — v) = r 2 F(0,rv ) , v>0 
as well as the asymptotics: 

(29.5) F (x, v) ~ G a (x, v) + o (xz + v 2 ^ as (x, v) —> (0, 0) 

and an analogous asymptotics near the singular point (x,v) = ( 1 , 0 ) that can be obtained 


using the symmetry condition (29.3). This asymptotics (29.5) corresponds to the nontrapping 


boundary conditions. Therefore, we obtain a family of stationary solutions of (1.3)-(1.5) with 
nontrapping boundary conditions if given by: 

(29.6) P (x, v) = CqF ( x , v) , (x, v) € {0 < x < 1, i) 6 l} , Cq > 0 


if 0 < r < r c . Moreover, the solutions (29.6) yield also stationary solutions of (1.3)-(1.5) for 
r > r c . 


We can obtain stationary solutions in the strip {0 < x < 1, v E 
boundary conditions by means of: 

1 


with partially trapping 


(29.7) 


P (x, v) = C 0 


F (x, v) H (5(o,o) + 5(i,o)) 


M* 


C 0 >0 


with 0 < r < r c . Notice that these solutions satisfy the boundary condition (5.10). 

Using arguments analogous to those in Sect ion | 8 | we might show that the measures (29.1), 
(29.6), (29.7) are stationary solutions of (1.3)-(1.5) with trapping, nontrapping and partially 


trapping boundary conditions in the sense of the definitions 28.3, 28.4, 28.5 respectively. On 


28.6 


the other hand (29.6) is a solution of (1.3)-(1.5) in the supercritical case r > r c in the sense 
of the definition 


30. The problem with absorbing boundary conditions. 

The Fokker-Planck equation with absorbing boundary conditions in one space dimension 
has been recently considered in m ■ We summarize some of the most relevant results obtained 
there. 


We have proved in that paper that the solutions of (1.1) in the strip {0<i<l,i)6l} 
with absorbing boundary conditions, i.e. P (0 ,v,t) = 0 if v > 0, P (1, v, t) = 0 if v < 0 are 
Holder continuous in the closed strip {0 < x < l,u £ M} . Moreover, the solutions are C°° 
in the interior of this strip as well as at the boundaries {x = 0 , v / 0 } and {x = 1 , v ^ 0}. 
The only points where the solutions are not C°° are the singular points (x , v) = (0, 0) and 
(x,v) = (1,0). In those points P has a singularity with self-similar form and the solutions 
of (1.1) are at most Holder continuous there. Actually, it has been proved in m that the 
solutions of ( 1 . 1 ) in the strip { 0 <i< 1 ,d 6 M} with absorbing boundary conditions are 
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Holder continuous in a neighbourhood of the singular points, and the optimal holderianity 
exponent has been obtained there. These regularity properties were extended in |30| to the 
case of the three dimensional half spaces and in [29] to the case of bounded domains with 
curved boundaries, where the convexity was relaxed for the hypoellipticity up to the boundary 
unlike the Vlasov and Boltzmann equations. 

The long time asymptotics of the solutions of those problems has been also considered in 
[31J, where it has been proved that the mass escapes from the strip 

{0 < x < 1, v € M} 


and as a consequence the total mass of P in the strip {0<i<l,t)G M} decreases exponen¬ 
tially. The hypoellipticity results (up to the boundaries) obtained in |31j allow us to prove 
that the solutions of (1.1) decrease exponentially as well as their derivatives in any compact 
set which does not include the singular points (x,v) = (0,0) and (x,v) = (1,0). 

Probabilistic problems closely related to 0 have been considered in the physics liter¬ 
ature. As discussed in the Introduction, the probability distribution for the velocity with 
which a Brownian particle exits from the domain {x > 0} is computed in 


31. Open problems 


We have shown that inelastic conditions like in (1.4) allow us to impose different classes 
of boundary conditions at the singular set in one-dimensional problems. We have seen that, 
assuming that r < r c it is possible to impose trapping, nontrapping and partially trapping 
boundary conditions in a natural manner. It would be relevant to ascertain what is exactly 
the situation in higher dimensional problems, since in those cases, if the domain W where the 
problem is solved is contained in M rf , it turns out that the singular set is a (2d — 2)-dimensional 
set. The detailed structure of singularities and the specific form of the admissible boundary 
conditions in the singular set are an interesting mathematical question. We have not studied 
in detail in this paper the case of the critical exponent r = r c , in which logarithmic corrections 
to the solutions might be expected to appear near the singular points. The results in this 
paper do not cover the case r > 1, for which uniqueness of solutions might be expected, 
although on the other hand the physical meaning of this problem is ”a priori” unclear. Notice 
that in the limit case r —> oo we might expect convergence of the solutions in bounded regions 
to the solutions of the problem with absorbing boundary conditions which was studied in 


We also remark that in the case r = 1 it is possible to obtain solutions of (1.3)-(1.5) in a 
simple form using the fact that the solutions of the problem in the whole space with initial 
data satisfying Po (x,v) = Po (—x, — v ) solve the problem (1.3)-(1.5) in x > 0 with r = 1. 

An issue that has been considered in m is the long time asymptotics of the solutions in 
a strip with absorbing boundary conditions. It turns out that in that case the amount of 
mass left in the strip is bounded by an exponentially decreasing function. In the situation 
considered in this paper, the expected behaviour is the convergence to one stationary solution. 
The same issue can be formulated in unbounded domains. In the case of half-planes one can 
expect self-similar behaviours for the solutions. 

It might be interesting to examine the possibility of having other types of boundary con¬ 
ditions allowing for the possibility of prescribing boundary conditions at the singular set. 
It might be possible to have this type of phenomenon in some classes of diffusive boundary 
conditions. Is there some example of diffusive boundary condition for which the total energy 
of the particles is conserved yielding trajectories reaching the singular set in finite time? Is it 
possible to impose then additional boundary conditions of the types considered in this paper? 

We have obtained estimates for the measured valued solutions P using the duality formula 
(28.1). It should be possible to obtain detailed pointwise estimates for P(x,v,t) outside the 
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singular set. However, in this paper we have just derived pointwise estimates for the functions 
<p solving the adjoint problems. 
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